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Abstract 

We study parity symmetries and crosscap states in classes of A/" = 2 su- 
persymmetric quantum field theories in 1 + 1 dimensions, including non-linear 
sigma models, gauged WZW models. Landau- Ginzburg models, and linear 
sigma models. The parity anomaly and its cancellation play important roles 
in many of them. The case of the M = 2 minimal model are studied in 
complete detail, from all three realizations — gauged WZW model, abstract 
RCFT, and LG models. We also identify mirror pairs of orientifolds, extend- 
ing the correspondence between symplectic geometry and algebraic geometry 
by including unorientable worldsheets. Through the analysis in various mod- 
els and comparison in the overlapping regimes, we obtain a global picture of 
orientifolds and D-branes. 
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1 Introduction 



String compactifications with Af = 1 supersymmetry in 3 + 1 dimensions are theo- 
retically very interesting and are believed to be important for real world physics. There 
are several approaches to the constructions of models, starting with Heterotic strings on 
Calabi-Yau manifolds [1]. The approach that has been attracting more recent attention 
is to consider Type II strings involving D-branes, which fill out the (3 + l)-dimensional 
world. In such constructions, orientifolds [2-6], are indispensable elements in order to 
have consistent theories with finite Newton's constant and supersymmetry. Despite this 
importance, orientifolds are less studied compared to D-branes which have been investi- 
gated extensively in recent years. In particular, it is not well understood what kinds of 
orientifolds are possible in which kinds of models. 

In this paper, we systematically study parity symmetries of (2, 2) theories in 1 + 1 
dimensions commuting with one half of the worldsheet (2, 2) supersymmetry, which are 
relevant for the construction of supersymmetric orientifolds. We particularly study general 
properties of parity symmetries and the associated crosscap states, such as the Witten 
index twisted by parity symmetry and the dependence of certain MP^ diagrams on the 
parameters of the theory. Our emphasis is on supersymmetry rather than superconformal 
invariance, and we do not limit ourselves to conformal field theories. This attitude allows 
us to treat a broader class of models and has proved to be useful in various other contexts. 
The general story is examined and illustrated in several important classes of theories 
including the non-linear sigma models on Kahler manifolds, gauged Wess-Zumino- Witten 
(WZW) models, Landau-Ginzburg (LG) models, and hnear sigma models. All these 
models are related in one way or another and understanding relations between parities in 
these models will be very important. 

As the primary example, we perform a complete study of parity symmetries and 
crosscap states in the M = 2 minimal model. The minimal model [7, 8] is the simplest 
non-trivial theory with (2,2) superconformal invariance [9]; it has been playing a central 
role in the study of supersymmetric string compactification. In particular, it can be used 
as the building block of the Gepner model of critical supersymmetric string theory in 3 -fl 
dimensions [10, 11]. The model is realized in three different ways: 

(i) as an abstract RCFT using modular matrices, T [10, 12, 13] and P, 

(ii) as the SU{2) mod C/(l) supersymmetric gauged WZW model [14, 15], 

(iii) as the IR limit of the LG model with superpotential W = [16-18]. 
D-branes in the minimal model are studied in these realizations in [19, 20], [21], [22, 23] 
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respectively. Exact results on the crosscap states are obtained in the realization (i), 
following the general RCFT procedure [24-30]. However, the information obtained in 
this way is about the theory with a particular GSO projection, in which the M = 2 
supersymmetry is not manifest. The essential task required here is to entangle the GSO 
projection and obtain the information on the parities and crosscap states of the fullM = 2 
theory before the GSO projection. This is done as one of the important achievements of 
the paper. The results are in complete agreement with the results from approach (ii) and 
(iii) whenever available. 

We also study parity symmetries of linear sigma models. These are simple gauge 
theories that flow under renormalization group to the models of interest [31]. In many 
important cases, they are defined on the whole moduli space of theories, which interpo- 
lates the Gepner models and large volume Calabi-Yau sigma model, and provide a good 
understanding of the singularity of the worldsheet theory. Moreover they can be used to 
derive mirror symmetry [32] . Thus, by understanding parity symmetries of linear sigma 
models, one can first of all argue on the existence or absence of orientifolds on the moduli 
space, one can provide a relation between the Gepner model orientifold (that is obtained 
as the application of the orientifolds of A/" = 2 minimal models) and the orientifolds 
of large volume sigma model, and one can find the mirror correspondence of orientifold 
models. D-branes are studied in the context of linear sigma models in [22,33-41]. 

As for any other symmetry, one needs to check if the parity symmetry of the classical 
system is maintained in the quantum theory. In many of the examples studied in this 
paper, we do encounter anomalies of classical parity symmetries. They are anomalous 
because the path-integral measure is not invariant: in certain topologically non-trivial 
backgrounds, there is an odd number of fcrmion zero mode pairs that are exchanged 
under some of the parities. The anomaly can be cancelled by combining it with another 
anomalous symmetry. One possibility is to use (—1)^^ that fiips the sign of the left-moving 
fermions. This works when the theory is conformal and is indeed applied in the M = 2 
minimal model in this paper. Another way is to turn on a 5-field. We recall that the 
i?-ficld term 0*5 fiips its sign under the orientation reversal of S, and for this reason 
it can generate or cancel phase factors in the parity transformation of the path-integral 
measure. 

We also present a number of new observations in this paper. For example, in specifying 
a parity of non-linear sigma models, in addition to the action r on the target space X, 
one must specify its action on a complex line bundle on X whose first Chern class is 
{r*[B] + [B])/2ti. We also show (with the help of M. Kapranov and Y.-G. Oh) that the 
deformation theory of holomorphic Calabi-Yau orientifolds is not obstructed, namely, the 
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classical moduli space of holomorphic orientifolds is smooth. This is in contrast to the 
case of holomorphic D-branes whose deformation is obstructed in general [20,42]. 

This paper is organized as follows. 

In Section 2, we describe general features of parity symmetries and crosscap states of 
theories with J\f = (2, 2) supcrsymmctry. In particular, we consider parities commuting 
with half of the (2, 2) supcrsymmctry. As in the case with boundary conditions [43, 22], we 
will find essentially two types of parities and call them A-parities and B-parities, following 
[43] . We show that the overlap of the crosscap and the supersymmetric ground states obey 
certain differential equations with respect to the parameters of the theory. We also find 
the relation of these overlaps and the parity-twisted Witten indices, which will be called 
bilinear identities. 

This general story is illustrated in Section 3, in the examples of non-linear sigma models 
with Kahler target spaces. A-parities are associated with anti-symplectic isometrics, while 
B-parities correspond to holomorphic isometrics. We determine the conditions on the 
complex structure and complexified Kahler parameters for the parity symmetry. We also 
compute the parity-twisted Witten index using supersymmetric localization applied to 
path-integrals and interpret the result from the canonical formalism. For A-type parities 
and branes, the index is the self-intersection number of the orientifold plane (0-plane) 
for closed string, while it is the intersection number of the 0-plane and D-brane for open 
string. The overlaps with the RR ground states are period integrals, and the bilinear 
identity is nothing but the classical Riemann bilinear identity. For B-type objects, the 
index is the Z2-signature for closed string while it is the holomorphic Lefschetz number 
for the open string. The path-integral computation reproduces the Z2-signature theorem 
and the Lefschetz fixed-point theorem. 

In Sections 4 and 5, we consider M — 2 minimal model. We introduce the model as the 
gauged WZW model (reahzation (ii)) which can be regarded as the sigma model on the 
unit disk. We find A-parities that act on the disk as complex conjugation, folding along 
diameters, and B-parities that act as rotation around the center. We compute the parity- 
twisted partition functions (Klein bottle amplitudes). We next consider a non-chiral GSO 
projection that leads to the realization (i), and determine the crosscap states following 
the general procedure [25, ?,?, 26-30]. (A part of the computation given here was also 
done in [44], and some earlier results in the context of Gepner models have already been 
obtained in [45, 46]) In the final subsection of Section 4, we entangle the GSO projection 
and determine the crosscap states of the original Af — 2 minimal model. We compute the 
Klein bottle amplitudes, including parity-twisted Witten index for the closed string, and 
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the result matches with the one from the gauged WZW computation. Section 5 is devoted 
to the study of parity actions on the D-branes and stretched open strings. The D-branes 
we consider are A-branes (straight segments in the disk) and B-branes (concentric disks). 
The geometric picture allows us to read off how the A- and B-parities act on them, which 
is confirmed by the Mobius strip amplitudes. We also compute the parity-twisted open 
string Witten index, after entangling the GSO projection for the boundary states. 

In Section 6, we consider Landau-Ginzburg models. We find that A-parities are 
antiholomorphic maps of the LG fields such that the superpotential is complex conjugated, 
and B-parities are holomorphic maps that reverse the sign of the superpotential. We show 
that the overlaps of the crosscap states and the RR ground states are given by a weighted 
period integral on the suitably modified orientifold planes, and the parity-twisted Witten 
indices are intersection numbers of suitably modified branes and 0-planes. This general 
result is applied to the particular example of the LG model of a single field $ with 
superpotential W = which fiows in the IR limit to the M = 2 minimal model 

(realization (iii)). We compute the closed and open string parity-twisted Witten index as 
well as the overlaps with the RR ground states. The results are in complete agreement 
with the results from Sections 4 and 5. 

In Sections 7 and 8, we study parity symmetries of linear sigma models. We determine 
the conditions on the parameters for the theory to be invariant under A-type and B-type 
parities. These conditions match the ones derived from the non-linear sigma model in 
the large volume limit, and the ones coming from the LG model at the Gcpner point. 
We also determine the corresponding parity in the mirror Landau-Ginzburg model. In 
particular, we find that the information on the parity actions on the line bundle Cr* b+b 
mentioned above has a natural counterpart in the mirror LG model in terms of the type of 
the orientifold planes. The results are applied to several specific examples where we find 
highly non-trivial agreement of the mirror models. In Section 8, we discuss orientifolds of 
the system including compact Calabi-Yau sigma models in its moduli space. We classify 
the possible orientifolds of the quintic hypersurface in CP^, at least those present for the 
Fermat type quintic. We find six of them, three A-type and three B-typc. Using the linear 
sigma model, we identify the mirror parities in the mirror quintic. We also discuss issues 
concerning the spacetime physics of Type II orientifolds on Calabi-Yau manifolds. We 
count the number of light chiral multiplets and vector multiplets from the closed string. 
We also discuss spacetime superpotential. Especially, we argue that the moduh space of 
holomorphic orientifolds is smooth. This last section is a preparation for a more complete 
analysis of the full orientifold models of string compactification, which is now possible to 
do as an application of the present paper. 
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2 Parities and Crosscaps in M = 2 Theories 



In this section, we describe general features of parity symmetry of theories with 
M = (2,2) supcrsymmctry (not necessarily with conformal invariance). In particular, 
we consider parities that preserve half of the (2, 2) supersymmetry. As in the case with 
boundaries, we will find essentially two types of parities, A-type and B-type. We will 
also study and describe the properties of the corresponding crosscap states. Especially, 
we show that the overlap of the crosscap and the supersymmetric ground states obey 
certain differential equations with respect to the parameters of the theory. We also find 
the relation of these overlaps and the parity-twisted Witten indices. 

2.1 A-parity and B-parity 
2.1.1 Parity of the (2,2) superspace 

Let us first classify parities of the (2, 2) superspace in 1 + 1 dimensions. The superspace 
has two bosonic coordinates (or = x° ± x^) and four fermionic coordinates 

0±,0^ = (^±)t. By definition, parity reverses the orientation of the space coordinates 
— > —x^+ constant, and therefore exchanges the chirality. Let us consider the ones 
maintaining the holomorphy of jV = 2 supersymmetry: 

Qb ■■ {x^,e+,e-X,o~) ^ {x^,e-,e+,e~X)- 

We shall call the former A-parity, and the latter B-parity. The supersymmetry generators 
Q± — d/d9^ + iG^d/dx^, Qj^ — —djdQ^ — iQ^djdx^ are then transformed as 

A: Q±^Q^, Q^^Q^, (2.1) 
B: Q^^Q^, Q^^Q^, (2.2) 

The vector and axial R-rotations, U{l)v and U{1)a, are also transformed: A-parity re- 
verses U{l)v and preserves U{1)a while B-parity preserves U{l)y and reverses U{1)a- 
The differential operators D± = d/d9^ — iO^d/dx^, D± = —d/dO^ -\- iO^d/dx^ are 
transformed as A : D± D:^ and B : <->■ D_, ^ D_. Accordingly, chiral and 
twisted chiral superfields are mapped by A-parity and B-parity as 

chiral < > antichiral 

A : 

twisted chiral < — > twisted chiral, 

^ chiral < > chiral 

twisted chiral < — > twisted antichiral. 
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One can modify the above parities by the U{1) R-rotations, Aa,/3 : i— > , and 

Ba,i3 '■ ^ Q-ta±t0QT_ They transform the supercharges as 

A^,3 : Q± ^ c-^"^^'3g^, g± ^ e''"=t*^Q:„ (2.3) 
Ba,(^ : g± ^ e-'^^^'^Q^, ^ e^^^^g^. (2.4) 

The fixed-point set of and is a:^ = 0, + ^ = 0, + = and = 0, 
= 9^ , 9^ = 6 , respectively. These are nothing but the A-boundary and B-boundary 
that are relevant to the superfield description of boundary M = 2 theories [47,35]. One 
can also consider parity actions on boundary superspace whose bosonic subspace is the 
strip < a;^ < TT preserved by a;^ tt — a;^ One can consider A-boundaries 9^ + 9 ~ 
T + 9- ^ Q or B-boundaries ^+ - ^- = - F = at = and tt. Under both 
A-parity and B-parity, an A(B)-boundary at = is mapped to an A(B)-boundary at 
— t: and vice versa. Chiral superfields on an A-boundary at = are mapped by 
A-parity (B-parity) to chiral (antichiral) superfields on an A-boundary at x^ — tt. 

2.1.2 A-parity and B-parity in (2,2) theories 

In any quantum field theory in 1 -|- 1 dimensions, a parity symmetry takes the form 
T o Q, where Q is the space inversion x — (a;°, x^) x — (x°, —x^) and r is an internal 
action of the fields. In general, only the combination r o is a symmetry, not r and 
individually. The parity symmetry is realized as an operator P on the Hilbert space 
of states that commutes with the Hamiltonian but inverts the momentum. In a (2, 2) 
supersymmetric theory, an A-parity and a B-parity take the form Pa — ^a ° and 
Pb — ° respectively, where ^a,b are internal actions of the superfields. They are 
reahzed as operators on the Hilbert space that transform the supercharges as (2.1) and 
(2.2) respectively. 

In particular, they transform the supercurrents C^, G'^ (// = 0, 1) as 

Pa : G^{x) ^ (-l)'^G^(x), G'^{x) ^ (-l)'^G^(x), (2.5) 
Pb : G^x) - (-l)'^G'^(x), G'^{x) ^ (-l)'^G^(x). (2.6) 

If the system has vector and/or axial R-symmetry, and if the parity respects them, the 
R-currents are transformed as 

Pa : J^{x) - -i-irJ^ix), - (-l)'^^^(^, (2-7) 

Pb : Jl}{x) - {-irJl}{x), J^(a;) - -(-1)'' J^(x). (2.8) 
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For each A-parity Pa we obtain an Aa^^j-parity by combining it with the R-symmetry: 
P^^ ^ = Q-ic^Fv-ipFAp^^ Similarly, a 5„,£,-parity can be obtained: P^^^ = e-i<^Pv-ipFAp^_ 
(We define the transformation of operators by a symmetry U hy O ^ U~^OU .) 

An A-parity in one theory is mapped to a B-parity of the mirror, since mirror symmetry 
exchanges Q- and Q_. Also, mirror symmetry exchanges A^^p and S^,a. 



2.1.3 Pcirity actions on chiral superfields 

For example, let us consider the theory of a single chiral superfield $(x, 9) — ^{x^^ 9"^, 9^) 
with the Lagrangian 

L = Jd^9'^^. 

Since the measure d''^^ = d6'+d6'~d6' d9^ is invariant under both Qa and fls, the La- 
grangian is invariant under 



A : $(x, 9) — > n*^^x, 9) = $(Qa(^, 9)), (2.9) 
B : $(x, 9) — > ^*B^{x, 9) = ^{^Bix, 9)). (2.10) 

The right hand sides are both chiral superfields: ^2^$ is chiral as we have seen, while 
Q:\<^ is antichiral and therefore its hermitian conjugate is chiral. In this way they 
determine consistent transformations of the field, $ P^^$Pa and $ P^^^Pb- They 
realize an A-parity and a B-parity, P^^Q±Pa = and Pb^Q±Pb = Q^- For Pb this 
is because (2.2) says that ^^^[Qi;'^'] = [Qzf,fi*B^], which means that P^^[Q±,<^]Pb = 
[Q^, Pq^(^Pb]. For Pa, (2.1) says ^l*j^[Q^,^] = [Q^,n\^ and its hermitian conjugate 
equation is Pj^[<5±, ^]-Pa = -PJ^^-Pa]- In terms of the component fields, ^ — (f) + 
9'^ip+ + 9~'^- -\- 9'^9~F H , the actions are as follows: 



Pa :{ iJ±{x)^i;Ax) (2.11) 




(2.12) 



The parity transformations (2.9) and (2.10) are essentially those used in more inter- 
esting systems described in terms of chiral superfields, such as non-linear sigma models 
(Section 3), Landau-Ginzburg models (Section 6) and linear sigma models (Sections 7 and 
8). In the last example, we will also encounter parity actions on twisted chiral superfields. 
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2.1.4 Unbroken supersymmetry and the Witten index 

Half of the (2, 2) supersymmetry is invariant under A-parity and B-parity. The invariant 
combinations are respectively 

Qa^Q+ + Q-, Q\^Q+ + Q^, (2.13) 
Qb^Q+ + Q-, Q^b^Q+ + Q- (2-14) 

These are the same as the supercharges that are preserved by A-branes and B-branes 

[43,22]. Q^QaOtQb obey 

{Q,Q^} = 2H, Q2 = 0, (2.15) 

which are the relations of A/" = 2 supersymmetric quantum mechanics. The symmetry 
generated by Qa, Qa ^^^^ Qb, Q^b shall be called M = 2a and N = 2b supersymmetries 
respectively. 

One may consider the Witten index with a twist by P = or Pg 

7p = TV (P(-l)^e-/^^). (2.16) 

'^RR 

As a consequence of supersymmetry (2.15), it receives a contribution only from the ground 
states, and is invariant under supersymmetric deformations of the theory. In particular, 
it is independent of j3 and of the radius of the circle on which the system is quantized. 

One can also consider the parity of an open string stretched between D-branes. Under 
both A-parity and B-parity, A(B)-branes are mapped to A(B)-branes. Furthermore an 
open string stretched between A(B)-branes preserves the M = 2 supersymmetry generated 
by Qa and Q\ [Qb and Q^), which are invariant under an A(B)-parity. For an A(B)- 
brane a and its image Pa under A(B)-parity P = Pa{Pb), one can also consider the 
Witten index 

/p(a. Pa) = Tr (P(-lf e~^^), (2.17) 

rla,Pa 

where Ti.a,Pa is the space of states of the a-Pa string. It receives contributions only from 
the supersymmetric ground states and is a topological invariant of the open string system. 

The modified versions A^jj and P^,/? may or may not preserve half of the supersym- 
metry. Aa^p-parity (resp. P^./J-pa-rity) preserves an J\f — 2 supersymmetry if and only if 
/3 e ttZ (resp. a e ttZ). The invariant combinations are 

Qa.,, = g+ + e^"+^^Q_, g^^^ = Q++ e---^Q_, f3 e vrZ, 

Thus for such values of (3 (resp. a), the twisted Witten indices are deformation invariants 
of the theory. 
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Figure 1: Crosscap (S|'^p) 



2.2 Crosscap states 

For each parity symmetry P — r o there is a so-called 'crosscap state' |^p) which 
can be used to express partition ftinctions on unorientable surfaces [48,49]. Let S be an 
orientable or unorientable surface with an oriented boundary circle around which S is 
fiat, as in Fig. 1. We choose a coordinate system (a^.a^), = + 2it, ct^ > 0, where 
the boundary circle is at cr^ = and is parametrized by a^. We glue S and its copy S 
along the boundary circles to make a double which has an involution Q that extends 

(o"^, o"^) (o"^ + vr, —0"^). Consider a path integral over the fields on this double S^^S 
obeying the condition O = tQ*0. The crosscap state is defined by the property that 
the path- integral is expressed as (S|'^p), where (S| is the state at the boundary circle 
resulting from the path-integral over the fields on S. The fields are periodic along the 
circle if and only if P is involutive, P^ = id. If not, \^p) belongs to the sector in which 
the fields obey the twisted boundary condition 0{a^, a^) = P~'^0{(t^ + 271, a'^)P'^. In such 
a case, the pairing (S|'^p) makes sense only if (S| belongs to the sector with the same 
periodicity (which can be realized, say, by inserting a twist operator in the interior of S). 

We study its properties when P is an A-parity or a B-parity, or their variants. 
2.2.1 Current conditions 

The transformation rule of the currents (2.5)-(2.7) or (2.6)-(2.8) yields current conditions 
on the crosscap states. We write them down using the 'tree-channel' coordinates {a^ja"^) 
which are obtained from the 'loop-channel' Minkowski coordinates {x^,x^) via Wick rota- 
tion and 90°-rotation.^ The crosscap state \^p^) for an A-parity Pa obeys the following 

^{a^,(7^) here is {ix^,—x^) there. The tree-channel supercurrents are related to those of the loop 
channel as G^^°^ = e^'^^^'^G^f'^''. The factors of i that appear in (2.18) or (2.19) have their origin in the 
phase factor e^'^*/^ here. 
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condition for z — {a^, cr^) z — {a^ + — cr^): 

Gliz) - i(-l)^G'^l(iO = GHz) - t{-l)^'Gl{z) 

= G'l{z) + ii-irGlil) = Gl{z) + ii-irG^I) = 0, (2.18) 

Ji^iz) - {-iTJi^i-^ = Jliz) + {-lyrA^ = 0. 

where ji— 1,2. The crosscap state \'^Pg) for a B-parity Pb obeys 

G^z) - i{-IYGHI) = G^z) - 2(-l)^G_(F) 

= G^z) + i{-lYG+(z) = G_{z) + i{-lYG+{T> = 0, (2.19) 

4{z) + i-ir^i^ = Jliz) - i-ir^Ai'^ = 0. 

The supercurrents are periodic afong the circle since and P| act trivially on the 
supercurrent. Namely, the crosscap states for A-parity and B-parity belong to sectors in 
which the supercurrents are periodic, such as Ramond-Ramond sector. The R-charges 
qv — J Jvi'^^)'^'^^^ Qa — J •^l(c''^)d(J^ of the crosscap states are also constrained; The 
crosscap state for A-parity (B-parity) has vanishing axial (vector) R-charge Qa — (qy — 
0). 

Let us next consider the 'bra-crosscap' which is defined as the dagger of the 'ket- 
crosscap' 

(^P| := I'^P)^ 

For P = Pa or Pb, the condition obeyed by this state is obtained by taking the dagger of 
(2.18) or (2.19). Note that each factor of i receives a minus sign under dagger. Thus, the 
bra-crosscap (^p| fulfills the same condition as the ket-crosscap |^(_i)Fp) for the parity 
{—1)^P. In other words, the fields are subject to the condition O = {-l)\'^Wn*0 at the 
state {'^p\ where \0\ is the mod 2 fermion number of O. ^ See Fig. 2. 

The crosscap states |^p^ ^) and \^Pg ^) for Aa,i3 and i^Q^^-paritics obey the same 
R-current conditions as above but the supercurrent conditions are modified as 

: Gl{z) T i(-l)^e^"±^^G'^(r) = G'^(z) t i(-l)'^e-^"^^^G^(5) = 0, (2.20) 

Ba,p: Gl{z)Ti{-lTQ''^^''^%{^ = G^{z)Ti{-lYe-'''^'^GHI) = {). (2.21) 

The supercurrents fulfill the boundary condition G'^{a^) = e'^^^^G'^{a^ + 27i) (for |^p^ ^)) 
and G'^{a'^) = e-'^'"G'^{a^ + 2ti) (for I'^p^^^)). Note that they are periodic if and only if 
the parity preserves an A/" = 2 supersymmetry. We often call those parities 74-parity or im- 
parity if the crosscap states belong to sectors in which the supercurrents are anti-periodic, 

^To be more precise, \0\ is twice the mod Z spin of O. However, we only consider theories in which 
the spin-statistics correlation holds and the two definitions of jOI agree. 
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Figure 2: Crosscap {^p\T) 



such as the Neveu-Schwarz-Neveu-Schwarz sector. {A^^p is an y4-parity iff /3 e 7r(Z + |), 
and Ba,i3 is a S-parity iff a e 7r(Z + |).) Taking the dagger, one reahzes that the bra- 
crosscap state (^p| obeys the same condition as the ket-crosscap state for the parity 
(-l)^P (see Fig. 2). 

2.2.2 Pcirtition functions and crosscaps 

Let us consider the pairing of the crosscap states ('^pJo't^l'^Pa) for two parities Pj = TjoQ. 
This can be identified as the partition function on the Klein bottle {x,y) = {x + 2,y) = 
{—X, y+1) with a suitable metric, where the fields fulfill the following boundary conditions 

0{x, y) = T2C(2 -x,y+l) = {-1)\'^\t^O{-x, y + 1). 

Here (— l)''-'! is the mod 2 fermion number of O whose appearance here is explained above. 
It follows that y) = (-l)l<^lri(!?(2-(x + 2),y + l) = {-l)\^\nT^^O{x + 2,y). Namely, 
the fields obey the boundary condition 

0{x, y) = U-^0{x + 2, y)U, where U = {-1YP^P^\ (2.22) 

Thus, the pairing can be identified as the twisted partition function 

(^pjgf I^P,) = lY (-l)^P2gf , (2.23) 

where 'W(_i)Fp^p-i is the space of states with the twisted boundary condition (2.22). Using 
this, one can express various twisted partition functions with the help of the crosscap 
states. For example, the partition function in the NSNS sector can be written as 

Tr Pg^ = (^(_i).p|gf |^(_i).p). (2.24) 
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Also, the twisted Witten index can be expressed as 

Ip = Tr (-l)^Pg^ = (%i).p|gf I'^p). (2.25) 

rim. 

The twisted Witten index for a supersymmetric open string can be obtained in terms 
of crosscap and boundary states 

Ip{a,Pa) = Tr^ (P(-l)^e-^^) = (^Jgf |<^p). (2.26) 

Here it is important that the boundary state {l3§a\ is chosen in such a way that it preserves 
the same supersymmetry as \'^p) does. 

2.3 Overlap with supersymmetric ground states 

For D-branes, the overlaps of the boundary states and the RR ground states are their 
important characteristics — they obey certain differential equations with respect to the 
parameters of the theory, and also carry information on the RR charge and tension [22]. 
Here we study the analogs for orientifolds. Let P be an A-parity or a B-parity. One may 
also consider a variant that preserves an A/" = 2 supersymmetry (namely A^^p with (3 G vrZ 
or Ba,f3 with a G vrZ). In such cases, the crosscap states \'iop) and (^(-i)Fp| are in the 
sector in which the supercurrents are periodic, that is, a sector with (2, 2) supersymmetry. 
Therefore, one can consider the overlaps with the supersymmetric ground states \i) in that 
sector: 

nf = (<^(_i).p|i), 
nf = (z|<^p). 

We study the properties of such overlaps. 

2.3.1 Dependence on pcirameters 

Let us study the dependence of the overlaps on the parameters of the theory. Let P be an 
A-parity (or an A^^^-parity with (3 G vrZ) in a theory that admits a B-twist. As the ground 
states we use those corresponding to cc ring elements 0i. One important point is that 
parity symmetry imposes constraints on the allowed deformations of the theory. Thus 
the parameter space is generally reduced. For A-parities, the constraints are holomorphic 
for twisted chiral parameters and antiholomorphic for the chiral parameters. This will be 
explained in several examples in later sections. 
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(2.27) 



mid 

Figure 3: The semi-infinite MP^ 

Let us first consider twisted F-term deformations. Since tlie constraints are liolo- 
morpliic, tlie allowed twisted chiral parameters are complex. It is easy to see, using the 
standard techniques as in [22] that the overlaps are invariant under the allowed twisted 
F-term deformations 



p 



0, ^ = 0. (2.28) 



Let us next study the F-term deformations. Since the constraints are antiholomorphic, 
the allowed chiral parameters are real. To be more precise, the allowed moduli space is a 
middle dimensional real subspace of the (complex) moduli space of all chiral parameters 
f. Let f — x'^ + iy'^ be the decomposition into the tangent direction and orthogonal 
directions y\ It can then be shown that the overlaps obey the following differential 
equations: 

(v,.n^),- = {D^iS^ + /3C^%.)nr = 0, 



(v,.n^)j = {D,,.6^ + /?c%)nf = 0, 



(2.29) 

where j3 is the circumference of the boundary circle . Here D^^i is the covariant derivative 
of the vacuum bundle [50] in the direction of a;*, and 



where C^^ are the structure constants of the chiral ring and Cj^ = g^'-gjmC^. The rela- 
tions (2.28)-(2.29) can be shown by the standard gymnastics in tt* equation, using the 
worldsheet in Figure 3, just as in the derivation of the similar equation for overlaps with 
boundary states. The essential point is that the contour integral of the supercurrent 
bounces back at the boundary of the cigar, with G± turned into iiCzp via the supercur- 
rent condition at the crosscap shown in Eq. (2.18). In the derivation of (2.29), we consider 
f and T variations in the combination of djdx^ = d/df + d/dT. From the t*-variation 
we obtain the term —ipC^jCpk and from the ^-variation we obtain the term +ipCjj(f)k- 
The sum is —f3Cyij(f)k which is the origin of the second term in (2.29). Essentially the 
same relation holds for the other overlaps Ilf = {i\P)- they do not depend on the twisted 
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Figure 4: The Bilinear Identities (2.31), (2.32) and (2.34). 



F-term deformations, and satisfy the follwing equation for the F-term deformations 

(v^.n^), = (D,..5,^ - /3C^,)nf = 0, 



(v..n^)j = {D^.sl - /?cj-)nf = 0. 



(2.30) 



2.3.2 Bilinear identities 

Let P be a supersymmetric parity (an A-parity or a B-parity or their variant preserving 
an A/" = 2 supersymmetry). We have seen that the twisted Witten index is expressed 
as the pairing Ip = {^(-i)Fp\e~'^^\'^p) . Using a complete basis \N) of the closed string 
states, this can be rewritten as X]Ar(^(-i)^p|^) {N\'^p) . Note that |^p) belongs to 

a sector in which there is a (2, 2) supersymmetry and hence the intermediate energies are 
non-negative, > 0, with E^- = corresponding to the supersymmetric ground states. 
Now we use the fact that the Witten index is independent of the deformation parameters, 
in particular T. The limit T ^ oo projects out the positive energy states and we are left 
with Ip = E.j(^{-i)-pK)^?'^(jI^p), ot 



(2.31) 



where g^^ is the inverse of gy = Similarly, for the twisted Witten index for the a-Pa 

open string we have 

Ip{a,Pa) = U'}g'mf. (2.32) 

The following must also hold 

Ip{Pa,a) = U[gm^. (2.33) 
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These generalize the more standard expression for the open string Witten index 

/(a, 6) = U^g'm';. (2.34) 
These 'bihnear identities' are summarized in Fig. 4. 



2.3.3 Other identities 



Applying the parity symmetry to partition and correlation functions, one can derive 
several identities of different type. The first identity is obtained by applying the parity 
symmetry to the path-integral on the cylinder. As is evident from Fig. 5, we find the 




\b = P{b)\ 




\P(a) 



Figure 5: Applying parity to the cylinder 



relation between the open string Witten indices 

I{a,b) ^ I{Pb,Pa). (2.35) 
By applying the parity to semi-infinite cigars, we obtain 

n» = n^^,), n," = n^^,), (2.36) 

where P{i) is the label for the ground state obtained by applying P to the ground state 
labelled by i. (Similarly for P{j).) Note that (2.35) also follows from these relations 
applied to the bilinear identity (2.34), with the help of unitarity of the parity operator P. 
Application of parity to the semi-infinite RP^ yields 

nf = n^(,), n^(,) = n^(,). (2.37) 

It follows from (2.36) and (2.37) and from the unitarity of P that 

ny^u.^ = nf^^^nPa. (2.38) 

This relation ensures the consistency of the two bilinear identities for boundary and 
crosscap states, (2.32) and (2.33). 
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3 Geometric Picture 



In this section, the general theory of parity symmetry and crosscap states developed 
in the previous section is applied to and illustrated by the examples of non-linear sigma 
models on Kahler manifolds. The classical action of the sigma model on a Kahler manifold 



K{z, z) is a Kahler potential in a coordinate patch on which the metric is expressed as 
gij — didjK. We start by studying the parity invariance of this classical action. 

3.1 Antiholomorphic and holomorphic involutions 

We recall the basic parity actions on a chiral superfield, (2.9), (2.10), 

A: <^ — > 

which are A- and B-parities respectively. Similarly, for a holomorphic coordinate transfor- 
mation f'^{z) = f^{z^, -2") {i = 1, n), the transformations of the form — > /*(f2^$) 
and /*(f2^$) are A- and a B-parities. We would like to find such actions that leave 

the Lagrangian invariant. Since the measure df^O is invariant under both and Qb, 
what we need to find is a transformation that leaves the Kahler potential invariant, up to 
a Kahler transformation K{z,z) K{z,z) + g{z) + g{z). 

Let f : X ^ X he a, holomorphic and isometric diffeomorphism. Using complex 
coordinates, it can be represented as / : — > P{z) where P{z) are holomorphic functions 
of 2; = (z^, z'^) obeying K{f{z), f{z)) — K{z,z), up to a Kahler transformation. Thus, 
the sigma model action is invariant under a B-parity 



Let / : X X be an antiholomorphic and isometric diffeomorphism. It can be repre- 



sented as / : 2;* ^ h}{z) where h^z) are holomorphic functions of z obeying K{h{z), h{z)) = 
K{z,T), up to a Kahler transformation. Thus, the sigma model action is invariant under 
an A-parity 



Thus, classically the sigma model has an A-parity symmetry for each antiholomorphic 
isometry and a B-parity symmetry for each holomorphic isometry. Note that both of the 
above can be regarded as the action f ofl on the component fields, 4>\ip^^. 



{X,g) is 



L 
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One can state (anti-)holomorphicity of a map in terms of the Kahler form u = ^gijdz^A 
d#. An isometry f : X ^ X is holomorphic if and only if it preserves the Kahler form, 

f*UJ = u. 

It is antiholomorphic if and only if it reverses the Kahler form, 

f*u; = -u. 

Thus, holomorphic and antiholomorphic isometries can be regarded respectively as sym- 
plectic and anti-symplectic maps with respect to the Kahler form cu. 

3.2 Parity anomaly 

So far our considerations have been exclusively in the classical system. In the quantum 
theory, we always have to check the potential anomaly. It turns out that the B-parity is 
always anomaly-free but the A-parity is potentially in danger. Let : E — > X be a map 
of the worldsheet into the target space. For this bosonic background the path-integral 
measure of the fermions — {ip±, changes under A-parity (that acts on the bosonic 
part as0— >0' = /o0oQ where Q is the worldsheet orientation reversal) as 

This is seen by looking at the action on the fermion zero modes. The detail will be 
discussed in Section 4.2.1 where the parity anomaly of supersymmetric gauged WZW 
models is considered (in which 'A' and 'B' are exchanged). The sign (— 1)/e<^*'^i(^) is the 
anomaly. It is always trivial when X is spin so that ci{X) is even. (Recall that the 
second Stiefel- Whitney class W2{X), the obstruction against spin structures, is the mod 
2 reduction of ci{X).) In particular, the A-parity is anomaly-free if X is Calabi-Yau. 

The anomaly can be cancelled by combining the parity action with (— 1)"^^ which flips 
the sign of ip- and This is the option that will be used in the gauged WZW model. 
There is an alternative way using 5-fields which we discuss now. 

3.2.1 Anomaly cancellation by -B-field 

The S-field term of the sigma model (f)*B flips by sign under the worldsheet orientation 
reversal fi. The only way to make the term invariant is to combine it with a diffeomor- 
phism f : X ^ X such that f*[B] = -[B], where [B] e H^{X,M) is the cohomology 
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class represented by B. However, since the i?-ficld enters into the path- integral weight 
in the form e^^T.'t'*^^ one may have a shift of [B] by 27r times an integral class. Thus the 
condition of invariance is f*[B\ — —[B\ mod 27r/7^(X, Z). This is the whole story for 
a B-parity which is always anomaly-free. In the case of an A-parity, one may use this 
freedom of choosing the 5-field to cancel the anomaly (— 1)/E'i^*'=i(^). This works out if 
the fi-field is chosen such that f*[B] = -[B] + nci{X) mod 2nH'^{X,Z). Recalhng the 
action on the Kahler form of holomorphic and antiholomorphic isometrics, we find the 
following: An A-parity is a symmetry if it acts on the complexified Kahler form as 

A: f*[u; - iB] ^ -[u - iB] + 7rici{X) mod 2mH^{X, Z), 

whereas a B-parity is a symmetry if it acts as the complex conjugation 

B : f*[uj-iB] = [uj - iB] mod 27riH^ {X, Z) . 

Let us choose an integral basis {(Va} of H'^{X, R) and express the complexified Kahler class 
as [a; — iB] — Ylia'^o.t"' ■ action of / on H'^{X) is f*u;a — fa^b, the condition of 

unbroken symmetry is written as 

A : tVb" = -t^ + mci{Xf + 27r«n", n" G Z, (3.1) 
B: iVfe" = ^^+2™", m"eZ, (3.2) 

where Ci{X) = '^a'^iCiiX)". We find holomorphic constraints on t" for A-parities but 
antiholomorphic constraints for B-parities. For B-parities, we loose a half of the complex- 
ified Kahler moduli. 

Remark. If dimif^(X) = 1 (as is the case for CP", Grassmannian, and submanifolds 
therein of dimensions > 2), an antiholomorphic map / acts on H'^{X) by a sign fiip. 
Then, the equation (3.1) is satisfied if and only if Ci{X) is even, i.e. X is spin. Thus, for 
a non-spin manifold X with h'^{X) = 1 (such as CP^*"^"), the A-parity anomaly cannot be 
canceled by a B-field. However, if dimif^(X) > 1, there arc cases in which this works. 
For example consider X = CP^™" x CP^™" and the map (zi, Z2) ^ (^2, ^), where z ^'z is 
an antiholomorphic map of CP^™. Since ci(CP^"^) is (2m-|-l) times the integral generator, 
the equation (3.1) reads 

This has a solution (t^, t^) = {t,t — iri). 
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3.3 Witt en index 

Wc compute the parity-twisted Witten indices in the non-hnear sigma modeL Through- 
out this subsection we consider involutive parities. We start with the case without 5-field. 

3.3.1 General formula 

We first present the index formula that appUes to a general Riemannian manifold X 
for which the sigma model has M = (1,1) supersymmetry. We consider a parity of the 
form P = T o VL where r : X X is an involution of X, which acts on the fields as 
(t)\x) — > T^(0(x)), ~^ ^iji^^ix), in the notation using real coordinates of X. This 

preserves the diagonal J\f = 1 supersymmetry. 

The closed string twisted Witten index is the partition function on the Klein bottle 
{xi,X2) = {xi + Li,X2) = {—Xi,X2 + L2) with periodic boundary conditions along Xi, 
xi xi + Li, but with the twisted boundary condition along X2: 



Because of the J\f — 1 supersymmetry, the computation localizes on the zero modes, 
which are the constant maps to the submanifold X'^ C X of r-fixed points. The relevant 
computation is performed in [51] (following [52,53]) and the result is 



where T(X'^) and N{X'^) are the tangent and normal bundles of X^ (in X), which has an 
orientation determined by the type of parity action. L{V) and e{V) are the Hirzebruch 
L-genus and the Euler class. An outline of the derivation is recorded in Appendix A. 
Note that we allow X^ to have many components — the above formula is understood as 
the sum of the integrals over all the components of X"^. The same remark applies to the 
formulae below. 

We next consider an open string with one end on a D-branc wrapped on 1^ C X 
and supporting a vector bundle E and the other end on the parity image {tW, tE). The 
image bundle tE is topologically t*E^ where the complex conjugation is involved because 
the left and the right boundaries of the string worldsheet have opposite orientation. The 
M = 1 supersymmetry survives the D-brane boundary condition as well as rfi, and one 
can consider the rf2-twisted Witten index. It is represented as the partition function 



0-^(^1, X2) = T\(f){-Xi, X2 + I/2)), 

tl}±{xi, X2) = r/j^^(-a;i, X2 + L2). 




(3.3) 
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on the Mobius strip {xi,X2) = {Li — xi,X2 + L2), < xi < Li, with the standard 
Dirichlet/ Neumann boundary conditions on Xi = and Xi = Li, and the periodicity 
along X2 as above (where —xi there replaced by Li — Xi). This also localizes on the zero 
modes, which are constant maps to W H X'^ . By a computation similar to [51] we find 
the following expression 

/,a((W^, E), {tW, tE)) 

= I 2^^"--^^-i^''"-^ch(:g)W :^(^(^)) J ^^}^^^^\ {N{W) n N{X^)), 
Jwnx^ ^ A{N{W))\I L{\N{X-)) ^ ^ ' ^ >>' 

(3.4) 

where dim^ X'^ and dim^ X are real dimensions of X'^ and X. See Appendix A for the 
derivation. A(y) is the A-roof genus. We note that the formula could be changed by an 
overall sign, I — > —7, depending on the type of the parity action. 

Let us now specialize to the parity symmetries that preserve an jV = 2 supcrsymmctry. 
X is thus assumed to be a Kahler manifold. 

3.3.2 A-parity 

Let us consider an A-parity rJl that is associated with an antiholomorphic and isometric 
involution t : X ^ X. In such a case, the fixed-point set X'^ is a middle dimensional 
Lagrangian submanifold of X. Then, rankA^(X'^) = rankT(X'^) and the Euler class 
e{N{X'^)) in the index formula (3.3) saturates the dimension of X'^ . The index is thus 
the integral of just the Euler class of the normal bundle. The Euler class is the obstruction 
against trivialization and counts the number of zeroes of a generic section of the bundle. 
On the other hand, a section of the normal bundle simply corresponds to a deformation 
of X'^ inside X, and its zero corresponds to the intersection of X'^ and its deformation. 
Thus, the index is nothing but the self-intersection number 

Ir€i = / e{N{X-)) = #(X^ n X-). (3.5) 

Let us next consider an A-branc wrapped on a Lagrangian submanifold L d X . Since L 
and are both middle dimensional, we have rank(A^(L) niV(X^)) = dim(LnX^). The 
Euler class in the formula (3.4) again saturates, and we find 

I^nm tL) = / e{N{L) n A^(X-)) = #(L n X^. (3.6) 

JLr\XT 
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3.3.3 B-parity 



Wc next consider the B-parity associated with a holomorphic involution t : X ^ X. 
The general formula from the path-integral is compared with the consideration from the 
canonical formalism. This reproduces the various signature and fixed-point theorems. 



Closed string 

The supersymmetric ground states of the sigma model are in one to one correspondence 
with the Harmonic forms or de Rham cohomology classes where the correspondence is 
given by ~ dz\ ■(/'■^ ~ dz^, ~ g^^id/dz^ ^-^id ~ Q^^ia/dzT- The parity action 
Q : ■ir^ <^ therefore corresponds to the Hodge *-operator that sends 

HP''^(X) to if"~^'"~^'(X). Thus, the twisted Witten index, which receives contribution 
only from the ground states is identified as the signature of X; 

In=Yl = (3.7) 

p+q=n 

Since the fixed-point set X'^ is X itself the formula (3.3) tells 

Sign(X) = / L(T(X)), (3.8) 
Jx 

which is nothing but the Hirzebruch signature formula. If r is a non-trivial (holomorphic) 
involution, the twisted Witten index is identified as the Z2-signature, 

= J2 ^-^yK..<.{^* ° *) = Sign(r,X). (3.9) 
ti"^" [x j 

p+q=n 

The formula (3.3) is nothing but the G-signature formula for the case of G = Z2. 



Open string 

Let us next consider the twisted Witten index for open string stretched between B-branes. 
Here we restrict our attention to B-branes wrapped totally on the target space, W — X, 
and supporting a holomorphic vector bundle E over X. We note the standard subtlety 
in the normal coordinate expansion in the evaluation of the index, and here we take the 
one natural for the holomorphic category, resulting in a replacement of the A-roof genus 
in the formula by the Todd class. Then the index formula is 

Irn{E,T*E) = [ 2'^'^''^'-^'^'^^^ch(E)^/td{X) 



V L{\N{X^)) 
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The second equality is an algebraic identity, where Nx-^ is the antiholomorphic part of 
the complexified normal bundle (see Appendix A for a proof). 

Let us now study the index in the canonical formalism. In the zero mode approx- 
imation (which gives the exact answer for the index), the open string states are anti- 
holomorphic forms on X with values m. E ® t*E, where the identification is based on 
•01 -l-'^^ ~ dz* and ■0!- +'0+ ~ The supercharges are identified as the Dolbeault 

operator d and the supersymmetric ground states are the Dolbeault cohomology classes 

n 

-^zeromode ^ JjQ,P(^X, E (g) T*E). 
p=l 

The parity rQ, acts naturally on antiholomorphic forms as dz^ • • • — > r*{d'z^ ■ ■ •) since Q, 
simply exchanges ■^l ^0^, leaving ■^l -|- ■^^ fixed. The action r^p of the parity on the 
Chan-Paton factor E (g) t*E can be of various types [54-56], although it is basically the 
exchange of the left and the right factors, r* combined with such an action r^p on the 
Chan-Paton bundle defines a map r of H^'P{X, E (g) t*E) into itself. This is the action of 
parity on the ground states in the zero mode approximation. Thus, the index is identified 
as 

n 

I,^{E,T*E)^y^{-lYii _ _(r)=:L(T,^^®T*0. (3.11) 

^ HO'P(X,E(^T*E) 

This number is known as the holomorphic Lefschetz number. 

We obtained two representations of the Witten index, one (3.10) from the path-integral 
and another (3.11) from the canonical formalism. The two must agree. Here we quote 
the Lefschetz fixed-point theorem [57] which expresses the holomorphic Lefschetz number 
by topological data. Let g : V ^ V he a holomorphic bundle isomorphism covering a 
holomorphic automorphism g : X ^ X. The theorem states 

L{g,y):^y{-lftr (g) ^ I chg{V\x.) ^^^^^^ (3.12) 

Here ch^ is the g'-twisted Chern character and f\-iNx9 := A'^^'^A^xs — f\°^^Nx9. In the 
present case, since r is involutive and hence is just a (—1) on the normal bundle, we 
find c\it-{/\-iNx^) = Qh.[/\NxT). Now, with this fixed-point theorem (3.12), the canonical 
formula (3.11) looks very much close to the path-integral formula (3.10). Indeed, they 
agree as we now sec in several cases (up to an important sign difference in certain cases). 
In other words, the path-integral result reproduces the fixed-point theorem. 
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Case I: E = ^, r^p = simple exchange. 

In this case the action on the Chan-Paton factor & ® t* & & \^ triviaL Thus, the 
twisted index can be identified as 

n 

e) = pJ^*) = (3.13) 

p=i ' ^ ' 

the original holomorphic Lefschetz number of the map r. It is evident that the two index 
formulae agree. 

Case II: E general, r^p = simple exchange. 

On the fixed-point locus X'^, the Chan-Paton factor is E <Si E. r^p acts trivially on the 
symmetric part Sym^E' but as (—1) -multiplication on the anti-symmetric part A^E. Thus, 
we find 

chr(E r*E\xr) = ch(Sym^:B) - ch(A^:B) = ch(2:B). 

The last equality is a simple algebraic identity. Thus, the two index formulae agree in 
these cases as well. 

Ceise III: E — F ® F , r^p = exchange with symplectic action. 

One may also consider combining the exchange with an internal action '/jj. 

Here we consider the case where E — F ® F , with F a rank r bundle, and is of the 
form 

We focus on the fixed-point locus X'^ on which the Chan-Paton bundle is E®E. The Chan- 
Paton factors of the forms ± b'(2), i(2)), J(2)) =F «(2)), K(2), T li(2), 
have eigenvalue ±1 under r^p, where and i(2) are the index for the first and the second 
factor ol E — F ®F. These vectors are the basis of bundles isomorphic to F ®F, F ®F, 
A^F, Sym^F, A^F, Sym^F, respectively. On the other hand, it is easy to see that 

Sym^F ^ (F® F) © (Sym^F) © (Sym^F), 
A^F ^ (F F) © (A^F) © (A^F). 

Thus, we find 

ch^(F © r*F|xO = ch(A2F) - ch(Sym2F) = -ch(2F). 

The two index formulae differ by just an overall sign. We see that we must have minus 
sign —1 in the path- integral formula (3.10) in this case. This corresponds to the sign flip 
of the crosscap state, which is the standard feature for 5'p-type orientifolds. 
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3.3.4 Inclusion of the S-field 



Let us now turn on a 5-ficld. As we have seen, we are allowed to have discrete values 
of 5-field. In some cases for A-parity, a non-zero 5-field is enforced to cancel parity 
anomaly. See the general conditions of parity symmetry (3.1) and (3.2). 

The inclusion of a 5-field does not affect the closed string Witten index. This is 
because the index computation localizes on constant maps, for which the B-iield has no 
effect. Thus, the formulae (3.3), (3.5) and (3.7) or (3.9) remain valid. 

The S-field does affect the open string indices. The effect is to shift the first Chern 
class of the gauge bundle on the brane by —B/2t^. Thus, the Chan-Paton bundle is 
effectively replaced d& E ^ E ® C^, where is the 'hne bundle whose first Chern- 
class is B/2t^\ This affects the parity transformation of the Chan-Paton bundle, which 
would be 

: {W, E) — > {tW, t*E) 

if B were zero. For simplicity let us consider how Q = id o Q acts on the open string 
stretched from the brane {X, E) to the brane {X, F) . The effective Chan-Paton factor 
IS E ® backward in time on the left boundary and F ® forward in time on the 
right boundary. After the parity action which swaps the left and the right boundary, the 
Chan-Paton factor is F (g) CJ^ forward on the left and E ® backward on the right, or 
equivalently F ® backward on the left and E ® forward on the right. Since 



E ® ^ E ® Cb = {E ® Cf) ® L-j^, 

we see that the parity Q transforms the bundle E to the bundle E ® C^. More generally 
the transformation rule becomes 

T^l:{W,E)^ {tW, t*(E ® Cb) ® Cb) (3.14) 

It differs from t*E by the factor t*jCb ® Cb whose 'first Chern class' is 



cr{T*CB®CB) = ^{t*[B] + [B]) . (3.15) 

The parity symmetry condition (3.1) and (3.2) includes 

— {t*\B] + \B]) = I ^""'^^"^ "''''^ ^""^ A-parity 

27r^^ ^ ^ ^ I mod for B-parity 

Thus the class (3.15) is evidently integral, except in the cases of A-parity on non-spin 
manifolds. In the latter case, however, if we assume W to be an A-brane wrapped on 
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Lagrangian submanifold supporting a flat bundle, the S-field has to be zero on W [22]} 
Since r is anti-symplectic, tW is also Lagrangian and B = t*B = on tW. Thus, the 
class (3.15) is zero and hence integral also in this case. In any case, t*Cb (E) Cb is a, 
well-defined complex line bundle Cr*B+B on rW. Then, the Chan-Paton factor for the 
stretched open string is the bundle Cr*B+B ® E ® t*E. To specify the system, one needs 
to specify a hermitian connection and a parity action on Ct*b+b cls well. In the discussion 
below, we suppose that a choice has been made. 

Now it is straightforward to generalize the index formulae obtained above to the 
present situation. The computation again localizes on the fixed-point set X'^ . On this 
set, the parity action on the bundle Cr*B+B = C,2B is just a bundle map which is -|-1 or 
— 1 at each connected component of X'^ . Let 

£b:X^^{±1} (3.16) 

be the locally constant function determined by this sign. Then, the general index formula 
is given by 

= / 2dim.X^-|dim.X / A{T{W)) (^(^) n jv(X-)), 

^ ^ \ A{N{W))\E{\N{Xr))^ ^ ' ^ >>' 

where tE is now t*E ® Ct*b+b- 

Let us consider an A-parity associated with an antiholomorphic isomctry t : X ^ X 
and a Lagrangian A-brane L with trivial U{1) connection. The only effect of the fi-ficld 
is a possible non-trivial parity action on the trivial bundle Cr*B+B- This modifies the 
index formula by the sign sb- Let = Xli^i^ be the decomposition into the connected 
components. The i?-field modifies it to = '^i^£B{i)Xl in the index formula 

7f^(L,rL) = #(LnX^) (3.17) 

Let us now consider a B-parity associated with a holomorphic isometry t : X ^ X 
and a B-brane wrapped on X and supporting a holomorphic vector bundle E. The general 
index formula, with the replacement A — > td, is given by 

I%{E.rE)=j ch(2E)£se^/'^-^^^5^. (3.18) 

^ There are non-Lagrangian A-branes with non-flat connection or non-zero S-field [43, 58]. We do not 
inchidc this in our paper. It would be interesting to see the consistency of parity with such A-branes in 
of non-spin manifolds. 
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One the other hand, the canonical formahsm identifies the twisted index as the holomor- 
phic Lefschetz number 

= / cK{Cr*B+B®E®T*E\xr) If^, - (3.19) 

Jxr ch{hNx-r) 

Here ^r*B+B is the holomorphic fine bundle associated with the hermitian connection of 
Cr'B+B which we assumed to have specified. By definition of £b, we have 

cK{Cr*B+B\x--) = £BCh(£2s) = £56^/" 

Thus, the two index formula agree with each other (except the overall sign for the sym- 
plectic orientifolds) . 

3.4 Overlaps with supersymmetric ground states 

We now compute the overlaps of the crosscap states and the RR ground states. For 
A-parity, we consider Calabi-Yau sigma model which is B-twistable. For B-parity, we 
consider general sigma model which can always be A-twisted. In both cases, we examine 
or use the bilinear identities (2.31) (2.32), (2.33). 

3.4.1 A-pcirity in Calabi— Yau sigma model 

The overlap for an A-parity in Calabi-Yau sigma model can be computed exactly. The 
point is that they are independent of the twisted chiral parameters. In particular, they are 
constant along the moduli space of complexified Kahler class and the computation in the 
large volume limit is exact. In this limit, the theory reduces to the quantum mechanics, 
and the overlaps are simply the integration of the ground state wavefunctions cui over the 
orientifold plane, 

n[^ = n["= [ SBUJi. (3.20) 

£b is the sign function on associated with the 5-field. The bilinear identity can be 
shown to hold with this factor. We recall the overlaps for the A-branes 

Then, the bilinear identity is nothing but Riemann's bilinear identity. For example, 

#(L n XI) = ) V'' esuJ^ . 
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Note that the overlap is non- vanishing only if uji e H^[X). This is consistent with the 
selection rule — the crosscap state for an A-parity has vanishing axial R-charge and thus 
have non-zero overlaps only with ground states of zero axial R-charge (which are middle 
dimensional forms). The most important of them is the overlap with the ground states of 
minimum vector R-charge. This is simply the period integral over the orientifold plane 

= f Q, (3.21) 

where Q is the holomorphic volume form of the Calabi-Yau manifold X. This has an 
interpretation of the tension of the orientifold plane in superstring theory. 

3.4.2 B-parity in general model 

The overlaps of the crosscap states for a B-parity tQ, depends on the Kahler class pa- 
rameter and the exact result is hard to obtain. However, an approximate formulae valid 
at large volume is obtained by requiring the bilinear identities and by the differential 
equation. We recall that the overlaps of the B-brane {X, E) and the RR ground states 
are 

nf = / ch{E)e''+'^^/W\X)uJi + ---, 
Jx 

nf = / ch(E)e-^-*"Vtd(X)a;i + ---, 
Jx 

where uj is the Kahler class and are corrections that vanish in the large volume limit. 
Requiring the bilinear identity, we find that the overlap of the crosscap states and the RR 
ground states are 

jxr''" iim^) ' ' ^ ^ ^ 

3.5 D-Branes from parity 

One can sometimes associate a D-brane to a parity symmetry. For example, let us 
consider a bosonic sigma model on the real line described by a scalar field X{x^ ^ x^), and its 
parity symmetries P± : X{x^,x^) ±X{x^, —x^). Consider a smooth field configuration 
invariant under P+: X{x^, —x^) = X{x'^,x^). It can be regarded as the extension of a 



27 



configuration on the left lialf-plane < wliicli obey Neumann boundary conditions at 
tlie boundary, (9iX|^i=o = 0. Likewise, a P_ invariant configuration can be regarded as the 
extension of a configuration on the left half-plane obeying Dirichlet boundary conditions 
X|a.i=o = 0. In other words, Dl-brane is associated with the parity P+ and DO-brane at 
X = is associated with P . It should be noted, however, that it is not always possible to 
associate a D-brane to a parity. For instance, : X{x^ , x^) X{x^ ^ —x^) + AX is also 
a parity symmetry, but it is impossible to have a P^-invariant configuration if AX ^ 0. 

This can be generahzed to systems with (2, 2) supersymmetry. Suppose a (2, 2) theory 
has an A-parity Pa- Since it acts on the supercurrents as (2.5), a field configuration 
invariant under Pa obeys in particular 

G\{x\x^)+g\{x\-x^)^Q. 

Such a configuration can be considered as an extension of a configuration on the left 
half-plane obeying a boundary condition at = such that 

(G^ + G^) 1.1=0 = 0. 

The latter is the condition on D-branes to preserve an A-type supersymmetry. Thus, a 
D-brane associated with an A-parity is an A-brane. Likewise, a D-brane associated with 
a B-parity is a B-brane. 

For example, let us consider a supersymmetric sigma model on the complex plane C, 
described by a chiral superfield The transformation $ — > is an A-parity. The 
condition of invariance under this parity is 



Such a configuration can be regarded as the smooth extension of the configuration on the 
left (super) half-plane which obeys the boundary condition 

$ = $ at A-boundary. 

This is nothing but the M = 2a preserving boundary condition corresponding to the 
Dl-brane at the real line (j) = (j). 

Similarly, the transformations $ — > ±0^$ are B-parities. Invariant configurations 

can be regarded as the smooth extensions of the configuration on the left (super) half-plane 
which obey the boundary condition 

= P)_$ 

at B-boundary. 

$ = 
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They are nothing but the M = 2b preserving boundary condition corresponding to D2- 
brane fiUing C or DO-brane at ^ = respectively. 

These examples generalize to any parity symmetry of the form rJl where t : X ^ X 
is an antiholomorphic or holomorphic isometry of the target Kahler manifold X. li t has 
fixed points, the corresponding boundary condition is the one for the D-brane wrapped 
on the fixed-point set X'^ . If r has no fixed point, there is no invariant configurations and 
therefore no associated boundary condition. 

It is important that is a symmetry of the theory. If that is anomalous, the corre- 
sponding D-brane boundary condition is expected to suffer from some pathology. Let us 
consider the example r : {zi, Z2) ^ (^2,^1) for X = CP" x CP", where the two CP" have 
the same size and no S-field ti — t2 — r. The fixed-point set is 



If n is odd, tVL is a symmetry as long as ^1 = ^2, and the D-brane boundary condition 
for X"^ is expected to be good. If n is even, however, we have seen that rQ is anomalous 
if ti = t2. Then, the D-brane boundary condition for X^ is expected to be bad. In fact, 
the quantization of open string in such examples are studied from the point of view of 
symplectic geometry [59], and it was found that definition of (a finite dimensional model 
of) the open string Hilbert space suffers from a problem if n is even.^ However, if we turn 
on a S-field of period tt on one of the CP" in X = CP" x CP", the parity anomaly is 
cancelled and the D-brane at X'^ will not suffer from pathology. Pathology of X'^ for the 
case n even, ti — t2, as well as the remedy by taking ti — t2 + m will be explicitly seen 
in the mirror description in Section 7.2.1. 



In this section, wc study parity symmetries of the M = 2 minimal model. The dis- 
cussion crucially depends on whether or not, and how, GSO projection is imposed. We 
introduce the model as a supersymmetric gauged WZW model where the GSO projection 
is (of course) not imposed. We find the A and B parities of the system and compute the 
twisted Wittcn indices for the closed string. Wc then move on to the model with non- 
chiral GSO projection. The procedure proposed by Pradisi, Sagnotti and Stanev (PSS) 

^Roughly speaking, the definition involves a study of the moduli space of holomorphic discs, and the 
moduli space is required to be orientable. If n is even the moduli space is unorientable. We thank Y.-G. 
Oh for explanation of this point. 




4 Orientifolds of A/^ = 2 Minimal Models I 
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[25] (and established by later works [26-30]) gives a prescription to construct the crosscap 
states of the GSO projected model, and we will compute the Klein bottle amplitudes. 
Then, we determine the crosscap states of the model before the GSO projection, using 
the PSS procedure combined with the supercurrent condition. This enables us to com- 
pute the Witten indices as well as the overlap of the crosscap states and supersymmetric 
ground states. 

Sections 4.1 through 4.3 deal with the system before GSO projection. Section 4.4 
discusses the GSO projected model, and Section 4.5 provides the relation between them. 
In Section 5, we extend the study by including D-branes and open strings. 



4.1 The minimal model 

The M — 2 minimal model is realized as the SU{2) WZW model and a Dirac fermion 
system, which are coupled through a C/(l) gauge field. Let G — SU{2) and H — U{1) C 
SO {3). Let us consider a Dirac fermion arranged into the hermitian 2x2 matrix 



± 



^± 
^± 



It preserves its form under the if-action ^± — > h ^^±/i: the component ip± transforms 
as a charge 1 field. We consider the system with the action 

S{A, g, - kS{A, 9) + ^J^ d'x tr + , 

where kS{A, g) is the WZW action [60] and -D^\l' := (9^\1' + [A^, \E']. The action is invariant 
under the iJ-valued gauge transformation A h~^Ah + h~^dh, g — > h^^gh, \1'± — >■ 
h~^'^±h. Under the if-valued constant chiral gauge transformation 

g^K^gh, ^ /i2~'*+^2, (4.1) 

the path- integral measure changes by the factor [61] 

exp + j ti{FA\og{hih^^)) 

The origin of 'A;' in the exponent is the change in the action kS{A^ g) while '-I-2' comes 
from the chiral anomaly of the charged fermion. Supersymmetric gauged WZW models 
have been studied in [63, 15] (see also [62,64] for bosonic models). 
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4.1.1 (2,2) Superconformal symmetry 



The important property of the system is (2, 2) supersymmetry. Using 

1 i/oo\_ 1- 1 ( 

the supersymmetry transformations are written as 

5g = -iV^ ( e+rj^g - e+fj_g - e-gr]+ + e^gr)^ ) , 
6rj^ = V2e+ [D_gg-^]_ , 5rj+ = -^e_ [g-'D+g]_ , (4.2) 

where [X]± is the projection to the upper-right/lower-left entry of X. The naive chiral R- 
symmetry ijj^ — > e^'^'^'^i/jzp has an anomaly, but it can be cancelled using the 'anomalous' 
chiral gauge transformations (4.1). The following combination is anomaly- free: 

ha-9, ( 9 gh'l, 

U{1)r :{ V-^ e-'»-h-\r^_K_, U{1)l : { V+ ^ e-+Vry+/i-|, (4.3) 




e 



where '■= exp{iaa3/{k + 2)). The R-symmetries are trivial at a± = 27rm±{k + 2) with 
m± G Z since h2nm±{k+2) = 1- Note also that (q;_,Q!+) = (27rm, — 27rm) with m e Z is 
gauge-equivalent to the trivial transformation. 

The supercurrents and the R-currents are found by the Noether procedure. In fact, 
the left and right moving currents decouple as — G\ — G, G\ = —G\ — G, and 
Jr — Jr = J, Jl = ~Jl — J 1 reflecting the (2, 2) superconformal symmetry that the 
system actually has. The expressions of these currents are 

G = tV2ktT{r}_D_gg-') = ^^_j''{a+), (4.4) 



G 



i^/2ktr{7^.D_gg-') = y|^_J^(a_), (4.5) 
G^-iV2ktr{7j+g-'D+g) = J^^+J^(a_), (4.6) 



G 



-iV2ktr(f}^g-'D+g) = ^j^^J^{a+), (4.7) 

J = A;tr(?7_?7_ + ^^(73(L'-^r' + «[^-,^-])) + (4-8) 

J= -/ctr(f/+r;+ + ^^(73(^-55-^ + ^[rJ+,r/_])) = -?+^+ - ^^J" ■ (4-9) 
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Here J^{X) and J^{X) are the currents of the G-WZW sector 

J^(X) = ik tT{D_gg-^X), J^{X) = -ik ii{g-^D+gX), 

while and are (2 times) the right and left components of the gauge current: 

J" = 2(J«((73/2) + = 2( J«((73/2) + (4.10) 

By definition, R-symmetries transform the supercurrents as G ^ e^^^^G, G e*""G, 
G e~*"+G, G — s> e*"+G. Those that transform them only by sign form the subgroup 
^2(fe+2) X ^2 generated by (a_,a+) = (/T,0) and by (a_,a+) = (vr, — vr). Up to gauge 
transformations, the former is equivalent to the axial rotation of order 2[k + 2): 

a ^ Q-^iJo A ^ A, g^h^^ghl\ ^ ^+^hiL^+h^\ (4.11) 

22 22 22 

and the latter is equivalent to the fermion number 

= ^-^^iJo-Jo) . ^) ^ g, -*). (4.12) 

We will later consider the model where (—1)^ is gauged — the model with non-chiral 
GSO projection. 



4.1.2 Geometric picture 

The model has a geometrical interpretation. We parametrize the group element by 



g ^ gi(</'+t)<T3/3 gieai ^ii<l>-t)cT3/2 



e**^ cos 9 i e'* sin 9 
i e~** sin 9 e"^'^ cos 9 



and the fermions by 



X+ = -y ^ ^+ e'* sin 9, x+ = - y ^ ^+ e sin 9, 

X- = V'- e~^* sin ^, x- = \J\^- e'* sin ^, 

After integrating out the gauge field, wc obtain the following action which involves [9, (p) 
z = e^'''^cos9 but does not contain t: 

-5 = ^ ^ d^a; I -g^^d^zd^z + 2ig^^{x_V^X- + X+^-X+) + RzzzzX+X-X-X+ }■ 

Here gzz = 2(i_^|^|2) and '■= + Tl^di^^z. This is the action for the supersymmetric 
sigma model whose target space is the disc < 1 with metric 





dz 


2 


1 




Z 


2 



(d^)' + cot' ^(d0)' =fc ' .. . (4.13) 
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The supersymmetry variation (4.2) transforms the complex coordinate as = e+x_ — 
e_x+, which shows that z and x± form a chiral multiplet. The R-symmetry acts on z as 



4.2 Parity symmetry 

Let us study the parity symmetry of the system. The coordinate transformation 
{x^,x^) — > —x^) that reverses the orientation of the worldsheet is denoted by fi. We 
have seen in [30] that the bosonic gauged WZW model has two types of parity invariance: 
n combined with {A,g) iA,g-'^) or {A,g) ig:;^Ag^,g-^g-^g^), where 




modulo i?-action, 



extending the parity symmetries of the ordinary WZW model [65-68] to the gauged case. 
Analogs of these in the supersymmetric model are Q combined with 

lA:{A,g,<if)^{A,g-\<if) (4.14) 

and 

Ib : {A, g, ^) ^ {g;'Ag,,g;^g-^g,, g;^^g,). (4.15) 

Note that Q reverses the worldsheet chirality, and hence it exchanges the left and right 
components of the fermion ^: {Q'^)±{x'^,x^) = \E'=p(a;°, — a;'^). (It also maps the gauge 
field as {QA)±{x^, x^) = A^{x^, —x^), just as in the bosonic case.) In particular, X^l^ and 
XgO act on the components ip±,ip± as 

lAn:'ijj±(x^,x^) ^'ijj^(x'^,-x^), ^±(x'^,x^) ^^^(x^,-x^), (4.16) 
lBn:^±ix°,x^) ^i^^{x°,-x^), i^^{x^,x^) ^iIj^{x°,-x^). (4.17) 

The classical action S{A, g, ^') is invariant under both IaQ and XgO. Thus, these are the 
candidates for parity symmetry of the supersymmetric model. 



4.2.1 Pcirity anomaly 

Let us examine whether there is an anomaly from the fermionic sector. We recall that 
there are fermionic zero modes in a background A in which the first Chern class 
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is non-zero. If it is positive, there are generically ci zero modes for both ■0_ and ijj^ and 
none for and Thus the path- integral measure contains a factor 

Vf^ = f[di^^^^W+\ (4.18) 

i=l 

where ■^^^^ and are the zero modes, which are complex conjugates of each other. If 
ci is negative, the zero modes originate from ip_ and ■0+. Observe that Ci flips its sign 
under the worldsheet orientation reversal Q. It also flips under the 5i*-conjugation since 
9*^39*^ — —C3- Thus, the flrst Chern class flips its sign under X^Q but remains invariant 
under TbQ: 

lA^t : ci ^ -ci, (4.19) 
Ib^I : ci ^ ci. (4.20) 

Let us flrst examine XbQ, which preserves the topology of the U{1) gauge bundle by (4.20). 
By (4.17), XfiJl sends the (■0_,'0+) zero modes in the background A to the {ip^,'ijj-) 
zero modes in the background —^}*A. Because of the Fermi statistics d'0+'*'d'0i°^* = 
-d^^^^'<hff\ the measure (4.18) is transformed as 

pWvj, _^ (-iy^V%^^. (4.21) 

There is no extra sign from the measure of the non-zero modes. Since the fleld conflgu- 
rations A and —Q*A are smoothly connected, there is no way to deflne the measure so 
that it is invariant under XbQ. Thus, the parity suffers from an anomaly. Let us 
next consider TaQ. By (4.19), it changes the topology of the gauge bundle, except for the 
trivial one ci — 0. In the latter case there is no net fermionic zero mode and therefore it 
is T^Q-invariant. For ci ^ 0, one can choose the phase of the measure, flrst for ci > 
and then for ci < 0, so that it is invariant under X4Q,which sends Ci to — Ci. Thus, the 
parity is anomaly-free. 



4.2.2 Cancellation of the anomaly 

We have seen that 

Pa := Ia^ (4.22) 

is anomaly-free but XbQ suffers from a Z2 anomaly originating from the sign dip^^^ dijj^^^ 
—dxjj^^ d^jJ^^\ It is obviously cancelled by combination with the transformation 



-1)"« : (A^,^-,^+) ^ (A^,-^-,^+) 
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In other words, (—1)^^ has the same anomaly (4.21) as XbQ. Thus, 

Pb := {-if'^lB^ (4.23) 
is an anomaly-free parity symmetry of the system. 

4.2.3 Action on the supercurrents 

We determine how the parity symmetries transform the supercurrents of the system. Let 
us start with Pa ■ {A,g,^) — > Q,{A, g~^,^f), which acts in the following way '^±{x) — > 
il^^{x), D^gg-^{x) D+g-^g{x) = -g-^D+g{x), and g-^D+g{x) gD^g-^{x) = 
—D_gg~^{x). It follows that Pa transforms the currents as 

G{x) G{x), G{x) G{x), J{x) -J{x) 
G{x) G{x), G{x) G{x), J{x) -J{x) 

and therefore Pa is an A-parity. One may also consider the combination 

pa,P ^-iaFy-if3F^p^_ ^^ 24) 

This is an Ac^/j-parity of the system. It preserves an A/" = 2 supersymmetry if /3 G ttZ. 

Note that a^PA = Pa ' ^ ^-iid (—1)^ a''- Pa = Pa ' ^ preserve an jV = 2 supersymme- 
try if i is even, while they are 74-parities if i is odd. 

We next consider Pb — (—1)^^ ° Sidg~^ o Pa. Note that adg'"^ exchanges G G, 
G ^ G, J —J, and J ^ — J. Thus Pb transforms the currents as 

G{x) -G{x), G{x) -G{x), J{x) J{x) 
G{x) G{x), G{x) G{x), J{x) J{x). 

Thus, Pb is a B-parity. It can also be modified by the R-symmetry: 

pa,P _ ^.iaFy-ipF^p^_ ^^ 25) 



This is a Bq,+|^^_| -parity of the system. It preserves an A/" = 2 supersymmetry if a -|- 

f e ttZ. Note that a^P^ = P/'""^ and (-l)^a^PB = pj~^^ preserve an = 2 
supersymmetry if £ is odd, while they are S-parities if £ is even. 
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4.2.4 The squEire of the peirity 



In order to determine the sector to which the crosscap states belong, we compute the 
square of the above parities. 

The basic A-parity Pa = Ta^ is clearly involutive, P4 : (A,^',^) Q{A, g'^,"^) — > 
Q'^{A, {g~^)~^, ^) = {A,g, \E'). To find the square of the modified parities P^'^, we note 
that conjugation by Pa fiips the sign of Fy — Jo + Jo, while Fa — — Jo + Jo is invariant, 
thus we see that 

Since e~^*^^^ is gauge- equivalent to the fermion phase rotation i(j± — >■ e~^'^'0±, Pa^ is 
involutive as long as /? G ttZ, that is, if and only if it preserves an jV" = 2 supersymmetry. 
Namely, |^pc«,^i) belongs to the RR-sector if and only if P^'^ is supersymmetric. Both 
q^Pa and {—l)^a^PA square to (—1)^^, and their crosscaps therefore belong to the RR 
(resp. NSNS) sector if £ is even (resp. odd). 

Let us compute the square of Pb — {—1)^^Tb^- The transformation XbQ is involutive 
since = — 1 is the central element oi SU{2). On the other hand, (—1)^^ is transformed 
to (—1)^^ under conjugation by TbQ. Thus, we find P| = To find the square of 

P^''^, we note that conjugation by Pb keeps Fy invariant but fiips the sign of Fa- Thus, 
we see that 

(P^'^)2= e-2'"^^(-l)^. 
Q-2iaFv jg ^Yie fermion phase rotation — > e^^^°'il'± combined with the axial rotation by 
/i_2a- This cancels (-1)^ if and only if 2a e n{k + 2)Z as well as 2a e 7r(2Z + 1). This 
is possible only if k is odd, in which case one may take a = tt^^^. Thus, if k is even, 
none of the Parities P^'^ is involutive. If k is odd, p^^'^+^^Z^"'^ ig involutive. Both of q^Pb 
and (— l)^a^PB square to e~'^^^^^ (—1)^ — (— l)*^^+^)^a^^ and hence the crosscap states 
belong to the sector twisted by this symmetry. If k is odd, o'^+^Pb and (— l)^a'^"'"^PB are 
involutive. 



4.2.5 Geometric picture 

The above parities yield transformations of the disc z 1— P~^zP, which are isometrics of 
the metric (4.13). The A-parities act on the coordinate z as 

P^'^ : z ^ e'^^z, (4.26) 

which is the refiection with respect to the line e'^M. The action of the B-parities are 

P^'^ : z e'^z, (4.27) 
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which arc rotations of the disc. The involutive parity p^('^+^)/^"'^ acts on the disc as a 
rotation by tt, or an inversion z — > —z. 

4.3 Description in the operator formalism 

In this subsection, we see how the parity symmetries act on the states. 

4.3.1 The spectrum 

The space of states of the theory are the gauge invariant states in the parent theory, SU{2) 
WZW model plus the free Dirac fermion system, modulo the large gauge transformations. 
We formulate the system on a circle of radius 27r. The space of states of the WZW model 
is 

iePfe 

where Vj is the spin j representation of the SU{2) current algebra at level k and Pfc = 
{0, |, 1, |} is the set of integrable spins at level k. The space of states of the Dirac 
fermion system is composed of the Fock space, which depends on the choice of periodicity 
along the circle. For the boundary condition ^_(cr + 2n) = e^'""^_(a) and ip+{a + 2n) ~ 
g-27r«a^^^^'j^ the space of states is 

Here J^a is the Fock space for the fermion oscillator algebra {i^mi^r2\ — {'^r[-i'^r'^ — 
{il^r, V'r'} — ^r-\-r'fi whcrc, r G Z + o and r' & X — a. It is built on the vacuum state jO),!, 
which is annihilated by ■0,. (r > 0) and ■^r' {f' > 0). The fermion number operator is 
given by 

4= -.^-r^r-.+a-ia]-^. (4.28) 

reZ+a 

Here, a = and a = | are the R and NS sectors respectively. The space of states of the 
total parent theory is the tensor product 



a\s: 



jePk se2Z+2a-l 
Se2Z+25-l 



where Ta\s is the subspace of J^a in which Jq = s/2 {s takes values in 2(Z + (a — 1/2)) 
by (4.28)). The gauge invariant states are those obeying the condition 

Jf = jf = 0, n>l, 
Jq +Jo +2{a + a) = 0, 
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where = — 2JI and = Jfi ~ 2^n according to (4.10). and generate the 
U{1) current algebra at level k + 2. Let us denote by Bj ^ g the subspace of Vj ® J^a\s in 
which = (n > 1) and Jq — —n, so that 

ne2Z+2j+s 

Then, the space of gauge invariant states is 

jePi, s62Z+2a-l nG2Z+2?+S 
se2Z+2a-l 

The topology of the gauge group 'Ki{H) — 7ri([/(l)) = Z allows large gauge transfor- 
mations, which act on the labels as (j, n, s, s) (| — j, n ± (A; + 2), s ± 2, s =i= 2) — >■ 
(j, n ± 2{k + 2), s ± 4, s =1= 4) — > ■ ■ -. This induces the so-called "field identification" 
[69-71]. Namely, the space of states of our gauge system is given by 

'Ha,^ = Bj^n,s ® Bj_„+2{a+a),s (4.29) 



where Mk{a, a) is the infinite set 
Mfe(a,a) = < {j,n,s,s 



j G Pfc, 2j — s + n even 

s e 2Z + 2a - 1, s e 2Z + 2a - 1 



The R-currents (4.8) and (4.9) are expressed as 

J = -J—jH + jf J = _ jf 

k + 2 " _|_ 2 

and hence the R-charges ((Jq, Jq) -eigenvalues) are given by 

/ S Tl S \ 

-7-^ + 7^, 7-^ -n) on 5,- ® Bj^^^j. (4.30) 



k + 2 2'k + 2 2 
The supercharges (4.4)- (4. 7) are expressed, after the standard shift k ^ k + 2, as 



fc + 2^"'^ " ' \ k + 2 



^r' = \l -r^^i^r'-nJn^ = \ T-T^^^r-nJn . (r, -r'sZ + a), 



" V ^T2 ^ ^^-"-^^ ' ^r' = J ^r'-nJn, (r, -^^ G Z + ^. 

* nez * nez 

Reiricirk. We regard the (a, a) sector to be the sector in which the fields obey the 
boundary condition 

$(^) = t^a":s*(^ + 27r)f/.,s, 

JJ ^ .— g-27ri(aJo+aJo) _ g-27ri(a- 1) Jo-27ri(a+i) Jq 
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Note that (—1)^ := e'^**^ "'o+-^o) jg ^^j^g mod 2 fermion number (4.12). In particular the 
standard NSNS sector is (a, a) = (|,— |), and it indeed includes the 5'L(2, C)-invariant 
ground state [|0; 0)(g)|0) i](g)[|0; 0)®|0)_i] G -Bo,o,o®5o,o,o C Tii _i. The (a, a) sector is the 
spectral flow [72] from this by (a— i, a+i). Because of the periodicity of the R-symmetries, 
we have the identifications (a, a) = {a+ {k + 2),a) = (a, a+ {k + 2)) = (a + 1, a — 1). 



Chiral primaries 



The local operators of the system can be mapped one-to-one to the states in the NSNS 
sector (a = —a = |). Chiral primary fields correspond to those obeying the conditions 

0. One can show that they are given by 



2 



G_i 

2 



and Gi 

2 



Gi 

2 



|0) 



NS 



/NS 



J 



k 

'2' 



which belongs to Bj_2jfl ® -Bj,2j,o- The corresponding chiral primary Oj has R-charges 
{q^Q) = (Fh2'Fh2)" There are also antichiral primaries Oj corresponding to \j)aa — 
[\h -j) ® |0)ns] ® Whj) ® |0>Ns] in Bj^2jfi ® Bj,-2j,o with charge {q,q) = (-^, -^). 
There are no twisted (anti)chiral primaries, except for the identity operator. 



Supersymmetric ground states 



The supersymmetry of the sector with a, a e Z is generated by Gq,Gq,Gq,Gq. We would 
like to find the supersymmetric ground states, namely the states annihilated by all of 
Gq, Go, Go, Go- 



We start with the RR sector {a = a — 0). The supersymmetric ground states are 



_ -1 Ik 
\j; -j) '0o|O>rJ , i = 0, -, 1, . . . , -, 

where |0)r is the vacuum state |0)o G J^o, which is annihilated by ipo and has Jq = —1/2. 
The state belongs to Bj_(2j+i)-i <S> Bj2j+i,i and has R-charges {q,q) 



1 2j+l 
2' k+2 



' 2i+l 



Another representation of the same state (up to a phase) is 



I^-j;-^+j)«)V'o|o)r 



k 



k 



'2 -^'2 



|0) 



R 



which belongs to (fe+2)-(2j+i),i ® ^|-j,-(fc+2)+(2j+i),-i- The state oc corre- 
sponds to the chiral primary field Oj. 
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We next consider the sectors with twisted boundary conditions (a, a) ^ (0, 0). (There 
are k + 1 such sectors labelled by a + a, G {1,2,...,A; + 1}.) For each such sector, there 
is a unique supersymmetric ground state 



|G)„,a= |j*;j*)®|0)r ® |j*;j*)®|0)r 



e -Bj, _2>-i,-i (8) -Bj, _2j.-i -1, 



where e Pfe is defined by 2j* + 1 = —a — a mod (A; + 2). It has R-charge {q, q) — 

/ 2>+l _ 1 _2>+l I 1\ 
V k+2 2' fe+2 2^ 

The above results are consistent with the equivariant Witten indices. Let us consider 
the partition function on the torus {x,y) = {x + l,y) = {x,y + 1) with the (twisted) 
boundary condition ^{x, y) — $(x+l, y) — U~~^{x, y + l)C/a^a. There is a supersymmetry 
as long as a,a e Z, and the partition function is regarded as the Witten index. If we 
consider x as the space and y as the time coordinate, this can be regarded as the trace 
over the RR sector of the operator C/a^a(— 1)^ e"'^^. If, on the other hand, we consider x 
as the time and y as the space coordinate, the partition function is identified as the trace 
over the (a,a)-sector of the operator (— 1)^ e"''''^. We thus find the identity 

rp^ ^2'Ki{aJo+aJo)t^\FQ-^^ = TY (-l)^e~^'^. 

The left hand side is the equivariant Witten index and can be computed, using our 
knowledge of the supersymmetric ground states in the RR sector, as 

LHS = ^ g27rj(a-i)g,+27ri(5+|)q,- ^ ^ g27rj(a+a)(^-i) 
jePfc 2i=0,l,...,fc 

= - e-^^("+") = ±1 if a + S ^ mod + 

On the other hand, the right hand side is the ordinary Witten index for the system twisted 
by Ua,u-i which computes the number of bosonic supersymmetric ground states minus the 
number of fermionic ones. That it is equal to LHS=±1 if a + a ^ is consistent with 
the above conclusion that there is a unique supersymmetric ground states in Tia^a with 
a + a ^ 0. 

4.3.2 The parity action 

Let us now see how parity acts on the states. We will also compute the twisted partition 
function for the NSNS and RR sectors. 
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A- Parity 



Wc start with the basic parity symmetry Pa = Ia^- Since the space of states is basically 
the subspace of the tensor product Ti'-^''' (E) 'H'l^-, we separate the discussion into bosonic 
and fermionic sectors. The action on the bosonic part is determined in [30]: 

Ub <S) Vb & Vj <^ Vj I — > {-lf^Vb<^Ub eVj <^Vj- (4-31) 
For the fermionic sector it exchanges the periodicity parameter a, a of the left and right 

f f 

movers, ~^ ^aa' flapping the oscillators as 

V'r, V'rM ^r, ^r' ^ VV, ^r'^ ^r, V'f'^ (4-32) 

where r, — r' G Z + a and r, — F G Z + a. It follows that the ground state \0)a,a — 
|0)a ® \0)a (annihilated by '4>r>0: '4'r'>o^ ^7>o ^p^q) is mapped to the ground state 
|0)5,a (annihilated by V'f>o, '0f>O) '0r->o and '0r'>o) up to a phase, \0)a,a ^-^ ^a,a\0)a,a- More 
general states are mapped as 

Oid2\0)ara ^ earadiO2\0)~a,a = eara{-ir'^^'^'^O2di\0)~a,a. (4.33) 

Here, Oi are polynomials of the fermion oscillators ip,, and Oi are the ones where 
■0, are replaced by tp,, | Oil is the fermion number of O^. Thus, we find that the states 
of the combined system are mapped as follows 



I — > Ca.al 



+2(a+a),s 

_^Yj+mm^^ ® Mb ® O2Oi|0)a,„ e %_„+2(a+a),s ® 5,, (4.34) 

where _ 

m = I - (a - [a] - 1), = I - (a - [S] - 1). 

One can check that this action is compatible with the field identification. Let us show 
this for the action on the RR ground states, — \ ® \ j\ —j) ® ■0o|O)o,o cx: — 
If - i; -(| -3)) ® If - j; I -3) ® ■0o|O)o,o Using (4.34), we find that they are mapped as 

li)aa ^ eo,o(-l)'^|^ - jThh' ^ eo,o(-l)'-'^| ^ - j),,- 

This is consistent with the field identification oc provided that 

(4.35) 

which is non-vacuous only if k is even. This also shows that Pa is involutive only if eo,o is 
1 or —1. 
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Let us compute the twisted partition function for the NSNS and RR sectors. The 
subspaces Bj.n^s®Bj_n;s that contribute to it are such that it is equivalent to Bj_n,s®Bj^n,s 
up to field identification. This is so for BjQs® Bj n s and Bk _k+2 Bk k+2 ^ , ^ (k even). 
It is then straightforward to compute the partition functions. Wc present the result for 
the more general parity P^'^ = ^-iaFv-i^FAp^^ p^^. ^j^g ^s^g ^^^^^^ jg 

\ (PaV) - W E (-l)^e^^^ch,,o,.(2r) 

2j,s even 

= ^Ns^s ^ iXj,o,o-Xj,o,2){2T,^), (4.36) 

2j even 

and for the RR sector 

= -^aa E (-l)'^^''^^l^w(2r)±6,J-l)lE(-l)'*'^''''^^H.-^.^(2r) 

2J,socld sodd 

= -^RR E (^i'O'-i - XiAi)(2r, f) ± ej,j,(-l)^(x|^_fe±2__i - X|^_M2,i)(2r, f ). 

2j odd 

(4.37) 

In the above expressions, ch^^^^^ is the character 

ch,>,,(T) = lY (4.38) 

and Xj,n,s, for s G Z/4Z, is 

Xj,nAr, = E e^-^- = E e^^^"(-^+^^ch,„,+4p(r), 

The sign ± of the second term on the right hand side of (4.37) is the same as the one that 
appears in the Field Identification (4.35). 

The special cases are the ones with (— l)'^^a^PA-twists {u — 0, 1): 

IV {{-ly^a'PAq'') = e,3,3 E (^^AO - (-l)V,,o,2)(2r), (4.39) 

2j even 

IV ((-1)'^VP^5^) = -e^(-l)'^6,, E - (-l)^X.-,o,i)(2r) 

2jodd 

±eRR<^r(-l)^(X|,-M2,_i - (-l)'x|,-^,i)(2r). (4.40) 

We recall that (— l)'''^a^PA with even £ preserves an J\f — 2 supcrsymmctry and the 
twisted partition function in the RR-sector can be regarded as the Witten index. Indeed, 
since Xj> -i - Xj,n,i = ±'5n,T(2j+i)> we find 

/„evenp, = ±e,J-l)i5f. (4.41) 

42 



For odd i, {—ly^a^PA breaks all supersymmetry and the partition function is indeed a 
non-trivial function of r. 

B-Parity 

Wc next consider B-parity Pb = {—1)^^Tb^, which is the same as Pa followed by 
(— l)'^o ad^f^^. The action of adg~^ on the bosonic sector is the usual one, Ub <S) vt ^ 
g*Ub ® g^b, where g^, acts on the ground states of Vj as g^\j; m) = i'^^j; —m) [30]. Let us 
next see how ad(?7^ acts on the fermionic sector. Since it exchanges 'il)± and ip^^ it flips 
the sign of the periodicity parameter (a, a), H-l^ - 'H^_a-ai maps the oscillators as 

adgr^^ : ll^r, ll^r', A: — ^^r> ^r', • (4.42) 

It follows from this that the ground state |0)a^2 (annihilated by ipr>o, '0r'>o> '0r>o and 
■0p>o) is mapped to the ground state \0)'_g^_~ (annihilated by ipr'>o, i^r>o-i '0r'>o a-nd ■0f>o) 
up to a phase, |0)„,a i-^ 77a,a|0)'_„ _2, Note that one may set |0)'_„__2 = |0)_a_2, as long as 
a,a ^ Z. If a or a is an integer, they are not proportional to each other. For example 
1 0)0,0 is annihilated by ■^o, V'o; while |0)o o is annihilated by ■^o, V'o) ^^<i therefore one may 
set 1 0)0 — ■0oV'o|O)o,o- More general states are mapped as 

ad^;^ : C»i02|O)„,2 ^ 77„,2Oig2|0);2. 

Combining with the action of Pa and (—1)^^ = e'^*"'", we find that Pg = Q^^"^^ SL.dg~^ Pa 
acts on the states as 

Pb ■■ Ua®Vb® Oi02\Q)a,U £ -Bj,n,s ® -Bj, — n+2(a+a),s 

^ £a,a(-l)2^+l'^ill'^^le-'^^i^,(7;,) ® O2Oi|0)'_2,_, G 5,, „_2(a+2),-j ® 5,, 

(4.43) 

where £a,2 = £a,a'>7a,a- Let us see if it is compatible with the field identification. We 
examine it in the action on the RR ground states. Using (4.43), we find the following Pb 
action 

= li; i) ® li; -j) ® ^^010)0,0 > — > ^o.oe^^lj; j) ® |j; -j) ® ^o|0)o,o = 

= £o,oe"^|j; j) <8) |j; -j) «) VoV'oV'o|0)o,o = £o,oe"'^|j\j^ 

b)RR = b"; ® I/;/) ®^o|0)o,o ^ eo,oe^\f; -f) ® |/; /) ® ^o|0)o,o = 
= £0,0 e"? I/; -/) ® I/;/) ® V^o^o^o|0)o,o = -£0,06"?^)',^^^, 
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where j' := | — j. We see that the action is compatible with the field identification 
I-^)hr I-^)rr' ^^^^ ^h^t it would have been incompatible without the (—1)-'^^ = e'^^'^o 
factor. This corresponds to the anomaly of Isfl — Bdg~^PA and its cancellation by 
{-If-. 

Let us now compute the twisted partition function in the NSNS and RR sectors. A 
non-zero contribution comes from the subspaces Bj^n^s 'S> Bj^^n-s- The result is 

TV {Pr^'') = e,s.s E e-^-(-^+t)ch,,.,(2r) 

Wnsns „ . — 

2j+n, seven 

= ^NSNs E Xj,nA'^r,-^), (4.44) 

even 
s=0,2 

\ n'l") = e^n E e-^^'^(-^+t)ch,,.,.(2r) 

2j+n, soda 

= ^nn E Xj,n,s{'^r,-^), (4.45) 

2j+n odd 

3 = ±1 

where = £9,0 

Let us consider the special cases with (— l)''^a^PB-twists {u = 0, 1): 

Tr {{-ira'Psq'')^e,,^, E e-^(^-i)x.>,.(2T) (4.46) 

rtNSNS „.f 

2j+n even 

s=0,2 

Tr {{-ira'Psq^) = e^^ E e-^(^-t)x,,n,.(2r) (4.47) 

2j + n odd 
s = -l,l 

[—ly^ a^Ps with odd £ preserves an A/" = 2 supersymmetry and the twisted partition 
function in the RR-sector can be regarded as the Witten index. Indeed, it is just a 
number 

4^Pb = ^RR E e"''(^-^) = e-"^i + ^2 ^ . . . + ^fc+i) |^^^.,,/(,+,) 

_2(fc + 2)_ 

For even {—ly^a^PB breaks all supersymmetry and the partition function is indeed a 
non-trivial function of r. 



= ^rrS ^ =^£RRe 2 cot 



, e odd. (4.48) 



4.4 RCFT point of view 

Wc next study the system in which a certain GSO projection is imposed. The system 
can be regarded as a rational conformal field theory, the crosscaps can be studied using 
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the standard procedure of Pradisi-Sagnotti-Stanev [25] which is reviewed (along with 
more recent developments such as [27,28]) and extended in [30]. 



GSO projection 

We perform the GSO projection with respect to the operator 

This is a non-chiral projection and the projected theory consists of NSNS as well as RR 
sectors, in each of which only the states with (—1)^ = 1 arc kept. RR and NSNS sectors 
correspond to the twist parameters (a, a) = (0,0) and (|, — |) respectively, and the GSO 
operator (—1)^ is e-Ms+s)/2 ^-^^ subspace Bj^n,s <8) Bj^^n,!- We therefore keep only the 
subspaces 

Bj,n,s ® Bj_n,s, with s, seZ, s + s = mod 4, and 2j + n — s even. 

Note that (—1)^ acts only on the Dirac fermions ^ = (■0±, '0±) GSO projection of 

the latter system is equivalent to the rational C/(l) at level 2, the the circle sigma model 
of radius it! = -\/2. Thus the GSO projection of the full minimal model can be regarded as 
the SU{2)k X C/(l)2 mod C/(l) gauged WZW model. Prom this point of view, it is natural 
to group the spaces as 

'^j,n,s — -Sj,n,s+4p) 

where s is now regarded as a mod 4 integer. The character Xins(T, w) that appears in 
(4.38) is simply the trace on this space. The Hilbert space of states of the GSO projected 
theory is expressed as 

T^GSO^ ^j,n,s®^3,-n,-s, (4.49) 

(j,n,s)eMfe 

where IsAk is the set of (j, n, s) G P^ x Z x Z4 modulo 7Ti{H) = Z, or more explicitly 



I (j, n, s) e Pfc X Z2(fc+2) X Z4 2j + n + s even | 



(j,n, s) ~ (f -j,n + (A; + 2),s + 2) 



In this subsection n and s are thus mod 2{k + 2) and mod 4 integers that label U{l)k+2 
and 1/(1)2 RCFT. Wc usually assume them to be in the standard range ~k — 1, . . . , /c + 2 
and —1, 0, 1, 2, and addition modulo 2A; + 4 (or modulo 4 for s) is denoted by the symbol 
+ . We often put hat n, 7 to the U{l)k+2 and U{1)2 labels n, s, to stress that they are 
brought into the respective standard ranges. 
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4.4.1 RCFT cispects of the theory 



Modular matrices 

The S- and T-matrices of the coset model have the factorized form 

^{j,n,s){j',n',s') — 2 Sjj/ S*^, Sss', T^,n,s),{j' ,n' ,s') — Tjj'T*^,Tss' , (4.50) 

where it is understood that the matrices with pure j labels are those of the SU{2)k WZW 
model, matrices with pure n or pure s labels are those of U{l)k+2 or U{1)2- Using this 
factorization property, we find 

^ _ ^ /' r(2fc+4) .(4) , /V |-j"r(2fc+4) .(4) . 

{i,">s)(i','i',s') ~ jj' n+n',n""s+s',s" ^ -^^jj' "n+n',n"+k+2"s+s',s"+2- K^-'^^J 

We also need to have expressions for P — ^/TST'^S\/T and = SadPbdPcd/ ^od 
[3, 25]. P relates the open and closed string channel of the Mobius strip and Y appears in 
the loop channel of the Mobius strip and Klein bottle. For the computation, it is useful 
to consider 

^ ^Od V -ifc 

Thanks to the factorization of S and T, we find 

QU,n,s){j',n',s') = Qjj'Qnn'Qss' + Q ^-j,j'Qn+(k+2),n'Qs+2,s' (4-52) 

yr{j",n",s") _ V>i" TT"" ys" , yl-f (A 
0>,s)0',n',s') — ^jj' ^ nn'^ss' ^ jf ^ nn' ^ ss' " {^.OO) 

Prom this, one can compute P = VTQVT and Y^^^ = y^Tl/J^Y^^,, using the following 
expressions for y/T in the coset model 

VT^s^<Jj,n,sVT;Ws, (4-54) 
where a is a sign factor defined by this equation and explicitly computed in Appendix B. 

Discrete symmetries 

The group of simple currents is given by the primaries (0, n, s). For odd k the symmetry 
group is 1,4k+8 and is generated by (0, 1, 1). For even k it is Z2k+4 x ^2, generated by 
(0, 1, 1) and (0, 0, 2). The monodromy charge of the field (j, n, s) under the simple currents 
is ^ ^ 

Qn,sU ,n,s) = 2(^1^ ~ T ^ ■ ^ ^^^^ 
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Accordingly, there is a symmetry action on states such that 

9n,s = e''H'=+2 2 ) on jrj>,n',s' ® ^',-n',-s' (4.56) 

Qi i corresponds to the generator a = e~'^^'^° of the axial rotations in the gauged WZW 
model; go^2 is the element (—1)^ that distinguishes the RR and NSNS sectors. 

Orbifold 

We consider the orbifold by the subgroup ^^^2 x ^2 generated by the currents 512,0 and 
5(0,2, whose space of states is 

^j,n,s®^j,n,s. (4.57) 

(j,n,s)eMfe 

This can be regarded as the mirror of the original model. The mirror map ^ : 7i — >■ Ti.^ 
acts on states as ^I' = Vm ® 1 : \j, n, s) ® \j, —n, —s) — >• \j, —n, —s) ® \j, —n, —s). 

4.4.2 A-type parities 

We now turn to the construction of the standard PSS parities and crosscaps, which we 
shall call A-type crosscaps. For each simple current (0, n, s) there is a crosscap state given 

by 

\K,s)= E r^,f,n',s')). (4.58) 

Explicit expressions for the A-type crosscap states can be found in Appendix D. Note 
that the crosscap states with n, s even contain only Ishibashi states in the NSNS-sector, 
whereas those with n, s odd contain only Ishibashi states in the RR-sector. One can 
compute the Klein bottle amphtudes using the F-tensor. The result is 

+5(2)e¥(--+^-)(^,_^^^_^^^ + (_l)-^,_^^^_^_J(2r)|. 

(4.59) 

For n = n and s = s, this expression simplifies to 

= E(^^AO + (-l)^X,,o,2)(2r) + <5f e^(-"+^)(x|,^,i + (-l)^xt,M2,_J(2r). 
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The crosscaps correspond to involutive parity symmetries Pn,s which are related among 
themselves as 

Pn,s — gn,sPo,0- 

The above expression for the Klein bottle function Tr Pn,sQ^ — {^n,s\Qt^\^n,s) is consistent 
with this relation. 



4.4.3 B-type parities 

Another class of crosscap states can be constructed from A-type crosscap states in the 
G — X ^2 orbifold model, with an application of the mirror map. We shall call them 
B-type crosscaps. We refer to [30] for notation and conventions. For an RCFT C with 
the charge conjugation modular invariant partition function there are IG] A-type crosscap 
states in the orbifold theory for each G-orbit of simple currents. These crosscap states 
are given by 

y^"" = ^ E e-(^(^)-^«'(^)) ^P^, y , (4.60) 

where Qg{i) '■— hg + hi — hg(^i) and g' is a fixed representative of a simple current orbit. 9 
is a solution to the constraint equation 

0(9192) = e{gi) + e{g2) - QM + 2q{g,,g2) mod 2 (4.61) 

where qis a symmetric bilinear form of G that determines the orbifold theory, {q is a form 
obeying q{g,g) — —hg and Qg^ig^) — 2Qi9i,92) mod 1.) The crosscap state corresponds 
to a parity symmetry P^,, which squares to 

{P^,f = e^"^'^^^)-'^"'^^)) on the ^-twisted Hilbert space Hg. (4.62) 

We apply this construction to the orbifold of C = SU{2)k x [/(l)2/f/(l)fc+2 by G = 
X Z2 with the Hilbert space (4.57). This is the orbifold with respect to the bilinear 
form given by 

nn' ss' 

q{9n,s, 9n',s') = ^j^^2) ~ Y' ^ ^ ^ 

{gn,s is in G if n and s are both even.) We first need expressions modulo 2 for Qg{h). The 
conformal weight of a simple current (0, n, s) with (0, n, s) 7^ (0, ±1, =[=1) is given by 

2 2 I I I I 

Tl S \TI\ — \S\ 

^(°'"'^) = ~4(¥T2)+ 8"+ 2^ for (0,n,s) 7^(0, ±1,^1). (4.64) 
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Using this we find 



Q g„,s{9n' ,s') - ho,n,s) + h(^o^ri' ,s') - h(^Q^n+n' ,s+s') (4.65) 



A{k + 2) 8 4(A; + 2) 8 4:{k + 2) 

nn' ss' n+n' n + n' s+s' s + s' 
H ^ h — — 



2{k + 2) 4 

+ ^(l^-l - + l^-'l - W\ - \n+n'\ + \s+s'\) 
In the last step, we have used n, n', s, s' even. We thus conclude that 

QauAdn^s') ^ 2(fc + 2) ~ T ^^'^^^ 

in particular Q = 2q mod 2. Therefore, we obtain a homogeneous equation for ^, ^(g'/i) = 
6{g) + 9{h), whose solutions are given by 

M^n,.) = -^ + f . (4.67) 

The set of simple currents (0,n, s) splits up into two orbits under the orbifold group 
X ^2- The first orbit is the one of (0, 0, 0), which contains only currents (0, n, s) with 
n, s even; the other orbit is the one of (0, 1, 1), which contains only currents with n, s odd. 
Accordingly, there are two types of crosscap states. Following the general procedure, one 
first constructs A-typc crosscaps in the orbifold and then applies the mirror map. These 
steps arc performed in the appendix, and here we merely list the results. B-typc crosscap 
states are labelled by an element (r, q) G x ^2 and an orbit label p which can take 

the values and 1. They are given by 



P k - ^ 

= (2(A; + 2))4 j;^a,,_2.-p,_2,-p^(-l)^+^|<^,J,2r+p,2g + p))B, (4.68) 
j 



Soj 



where Pjk is the P-matrix of the SU (2) k-theory. These states are elements of the sector 
twisted by 5'4r+p,2p- Hence, the square of the parity action P^gp is given as 

^rqp = 5'4r+2p,2p- (4.69) 

One can compute the Klein bottle amplitudes using the average formula (4.60) and 
the results for A-type Klein bottles (4.59). The result is 

(K..|e-i?-|K..)= E e-^x.n.(2r) (4.70) 

{j,n,s)eMk 
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We also note that 

because \'^r,q,p) and |^j-,?+i,p) belong to orthogonal subspaces. The expression (4.70) for 
the Klein bottle function Tr P^qpg^ — {^qplgf \%qp) implies the following relations among 
the parities, 

Prqp — 

(4.71) 

at least in the action on closed string states. This is also consistent with the square 
formula (4.69). 



4.5 Crosscaps in the theory before GSO projection 

In the previous subsection, we obtained the crosscaps for the theory in which the non- 
chiral GSO projection is imposed. In this subsection, we use this result to reconstruct 
the crosscaps in the theory before the GSO projection. This enables us to compute the 
overlaps with the supersymmetric ground states, as well as to reproduce the Witten index 
with a twist by supersymmetric parities. 

GSO projection is in a sense an orbifold by the symmetry (—1)'^ where NSNS and 
RR sectors are regarded as the untwisted and twisted sectors respectively. Thus, one can 
find the relation of the crosscaps before and after the GSO projection by following the 
argument used in finding the relation of crosscaps before and after orbifolding [30] . In this 
subsection, we shall refer to the theory before GSO projection simply as 'the theory' or 
'the Af — 2 theory' and the theory after GSO projection as 'the (GSO) projected theory' 
or 'the RCFT'. We shall also put a superscript 'GSO' to the space of states, the crosscaps, 
etc, of the projected theory. Let P be a parity of the theory, and consider the parity of 
the projected theory induced from P. The twisted partition function of the latter is 

Using (2.24) and (2.25), the four terms of the right hand side can be expressed as 

-{'^(-i)p p\qt \'^{-i)Fp) + -C^plqt \'^p) + -j^{'^p\<lt |'^(-i)f'p) + ^{'^{-ly p\(lt \'^p)- 



This shows that the crosscap of the projected theory is given by 
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One may also consider the parity (— 1)^P of the projected theory, where (—1)"^ is 1 on 
NSNS sector and —1 on RR sector. Repeating the same procedure, we find 

-l)pp) - 



(-1)PP 



GSO 



a/2' 



V2 



^1) 



Fp) as linear combina- 



We would like to invert these equations to express \'iop) and 
tions of \'iop)^'^^ and |^(_;^)Fp)*^^'^, which we know from the RCFT computation of the 
previous section. However, in order to find the right combination it is important to know 
the phases e*^ and e*^', but there is no canonical way to fix them. Moreover, the phases 
of the RCFT crosscaps |'^p)^^° and |^(_i-)Fp)^^^ are highly non-canonical. 



4.5.1 The right combination 

In fact, one can overcome this difficulty by making use of one independent constraint 
— the supercurrent condition. If P is an A^^^^-parity or a i^a^^-parity of the J\f = 2 
theory, the crosscap |^p) obeys a certain supercurrent condition, which is satisfied only 
for a particular hnear combination of |'^p)*^^° and \^(^_i^f p)'^^'^ ■ The other crosscap, 
|'^(_i)Fp), obeys a different condition which is satisfied by another linear combination. In 
this way one can find the right linear combinations, up to an overall phase. 

In what follows we carry out this program. It turns out that A-typc (rcsp. B-type) 
parities in the RCFT correspond to A^^^-parities (resp. i^a./^-parities) of the A/" = 2 theory. 
We thus separate the discussions into the two types. 



A-type 

The A-type crosscaps in RCFT are the PSS crosscaps \^n,s) labelled by simple currents, 
(n, s) with n + s even. The symmetry (—1)^ is nothing but the global symmetry labelled 
by {n,s) = (0,2). Thus, \K,s) and \K,s+2) corresponds to |^p„,,)^^° and |'^(_i)Fp^^^)^'^° 
for a suitable Pn,s- The task is to identify Pn,s and find the right combination to express 
\'^p„^,) and |^(_i)Fp^ J. Since |'^n,s) belongs to NSNS-sector (resp. RR-sector) for even s 
(resp. odd s), Pn,s squares to (—1)^ if s is even and it is involutive if s is odd. 

The crosscap state of an A^^^-parity must obey the supercurrent condition (2.20). In 
terms of the Fourier modes, it is 

Gr + ie-'''{-iy+^G-r = Gr-ie-'"{-iy+^G-r^O, reZ-f. (4.72) 
Let us put 

KA±)) -^K,s) T ^^^|^„,.+2>. (4.73) 
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One can show that they obey the conditions of the types described in the following table 
(see Appendix E for the proof): 





s odd 


s even 


l'^n,s( + )) 




2 ' 2 


Y^n,s{ — )) 


^7r,0 


Ae —2L 
2 ' 2 



We know that the Ao,o, ^tt.o, -f , A|,|-parities of the theory are a"''"" Pa, (-l)^a"''""PA, 
Q^oddp^^ ^_2ji^Qoddp^ respectively. We also know that the axial symmetry a induces the 
global symmetry of the projected theory labelled by (n, s) = (1,±1). These are enough 
to show that 

I'Camp^) = |^2m-l,2m-l( + )), (4.74) 

(-)), (4.75) 

|^a2m+lp^) = |'^2m,2m( — )); (4-76) 
|^(_l)Fa2m+ip^) = |'^2m,2m(+))- (4.77) 

The overall phases are not fixed by this argument. Here we have chosen the ones that 
will be justified by later computations. 



B-type 

B-typc crosscaps in RCFT are Y^^q^p) given in (4.68) labelled by (r, g) G l'k+2 x 2^2 
p e {0, 1}. Combining the parity with (—1)^ corresponds to the shift g ^ g + 1. Thus, 
we need to find the right combinations of \^r,q,-^ \^r,q-^\,'^- Since \^r,q,'^ belongs to 
the sector twisted by the symmetry labelled by (n, s) — (4r + 2p, 2p), it corresponds to 
the parity that squares to a^''(— 1)^ if p = and a^^+^ if p = 1. This shows that P^'^'^ is 
induced from a^^'^^Ps or (— l)^a^''"^^PB (or those combined with axial R-symmetry). 

The supcrcurrent condition on the crosscap state of a i?Q,^-parity is (2.21), or in terms 
of the Fourier modes 

a + ie^^(-l)'-^G_, = -ie'^(-l)"-^G_, = 0, reZ+f. (4.78) 

Let us put 

(4.79) 
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where y Tn — e'^'"^/^ is the square-root of the T- matrix of rational C/(l) at level 2. One 
can show that |^^^(±)) obey the conditions of the types described in the following table 
(see Appendix E for the proof): 





p = 1 


p = 






2 ' 2 






7r TT 



Since Bo,o, ^0,^, ^f,-f ' 5f,f -parities are a°'^'^PB, {-l fa°'^^PB, a^''^''PB, (-l)^a^''^'*PB, 
we can conclude that 

|'^a-+iP.) = (-in<i(+)), (4.80) 

|^(_i)F„2™+ip^) = l'^^^i(-)), (4.81) 
K^r^p^) = (-l)"^Ko(-)>, (4-82) 
|^(_i).,2™pj = Ko(+))- (4.83) 

Again, the overall phases cannot be fixed by this argument. The choice we made will be 
justified by later computations. 

4.5.2 Overlaps with supersymmetric ground states 

Using the above results, one can compute the overlaps of the supersymmetric crosscaps 
and supersymmetric ground states. 

A-parities 

To compute the overlaps of the crosscap for the basic A-parity P4 and the RR ground 
states \ one has to read off the coefficient of j, —2j — 1, —1)) in the expansion of 
\'Tf-i-i{+)). Since -y/To^_i^_i/To _i^i = —1 by supersymmetry, the latter is (|^_i^_i) + 
|'^-i,i))/V2. The result is 

(7i^p ) - I ^ c^^ i-is^^^ sin (i^(2m] + 5(2) cos (iimii) \ 

hrU I^Pa; - W ^ 2) sin(^^^) ^ I ^''^j+fc sm 3(^+2) ) + cos 3(^+2) ) j ■ 

(4.84) 

Also, we find 

<^<-')-^i^->- - (^) +«g'- (^)} . 

(4.85) 
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For other A-parities the overlaps can be easily obtained by using \^a^mp^ — ±a^\^p^), 



~2mm{ 



2j+l 1 
k+2 2 



_|_g27nm(Jf2--2) 



li>R.R.- 



B-parities 

Since the B-parity o^'^'^^Pb squares to a^*^^™'^^\ the crosscap state belongs to the sector 
with the twist parameter (a, a) = {2m+l, 0). Such a sector has a (2, 2) supersymmetry and 
has a unique supersymmetric ground state |G)2m+i,o which is an element of -Bj,,-2j,-i,-i ® 
Bj,-2j,~i-\ where G Pfe is defined by 2j* + 1 = —(a + a) = —(2m + 1) mod {k + 2). 
Namely, 

. ^ f |-m if m = 0,l,..,[|], 

I A; + l-m if m= [|] + 1,...,A; + 1. 

In the two cases, (j^,, — 2j^, — 1,-1) are equivalent to (m, 2m +1,1) and (A; + 1 — m, 2m + 
1, —1) respectively. We are interested in the overlaps of this ground state \G)a,z and the 
crosscap states 

|'^„2m + lp^)(-l)"' 
|'^(_l)Fa2m + lp^) 

The overlaps are obtained by reading the coefficient of |^, m, 2m +1,1)) or |'^, A; + 1 — 
m, 2m + 1, —1)) depending on m = 0, 1, [|] or m = [|] + 1, /c + 1 (mod {k + 2)). The 
result is 



2m+l 



,2m+lpgy 



and 



(-irJcot( 



7r(2m+l) 
2(fc+2) 



m = 0,l,...,[|]. 



\m+k+l 



m^[|] + l,...,^ + l. 



(4.86) 



2m+l,o(G|'^(_l)Fa2m+ipg 



m = 0,1,. ..,[§], 



(-l)y-cot(^) m^[|] + l,...,fc + l. 
This is sufficient to show that the twisted Witten index is 

'7r(2m+ 1) 



La2m+lp 



l)Fa^m+ipg\q^\'^a'2m+ipg) = (-l)™COt 



2{k + 2) J ' 



(4.87) 



(4.88) 



which reproduces the loop channel result (4.48), provided e^^ = 1. 
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4.5.3 Pcirtition function and Witten index 



The expressions for the crosscap states obtained above can now be used to compute the 
parity-twisted partition functions, or equivalently Klein bottle amplitudes, Tr^^^g{Pq^) — 

A-type 

We first evaluate those amplitudes for A and A-parities P = a^PA: {—^)^(i^Pa- Since each 
crosscap is a sum of two RCFT crosscaps, the partition function is a sum of four terms. 
The summands are 

{%-i,e-i\q^\%-i,e-i) = J2^Xjoo - (-l)^Xj02) + (^f (X|,M2,i - (-l)^X|,M2,_i) 

jei. 

{^2m-l,2m-l\<lt^ \^2m-l,2m+l) = 0, 

C"0,2m.2m 



{^2m,2m\qt \^2m,2m+2) — {Xj,0,l + Xj,0-l) , 

C0,2m,2m+2 ^ , 

where the argument of the characters are all 2t. Using these formulae and also the relation 



ro,2^,2^ ao,2m,2m ^ / ^fL ^ -^(-1)™, We fiud 
-'0,2m,2m+2 <^0,2m,2m+2 \j T^^_^_2 



Tt^.^si-^r^^^'PAq'' = Efcoo - (-1)'X,02), (4.89) 



Trie 



Tr,J-irVP^5^ = -e^(-l)'^ J] (X,,0,i - (-1) Wi) 

+4'^(X|,i±2,i - (-l)'x|,i±2,_i)- (4.90) 

Note that this reproduces the results (4.39) and (4.40) obtained in the gauged WZW 
model, where the constants undetermined there are now fixed as 

^NSNS 

±(-1)^=1. 

In particular, the Witten index is fixed as 

I 1 k even / , s 
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B-type 



We now consider the partition functions for B- and i?-parities. The computation is 
simpler here since the pairings of crosscaps of different q (for the same r,p) vanish, 
{K%,p\K%+i,p) = 0- Using the formula (4.70), we find 

F 2 if 1 H 1 H 

I^NSNsl"!)" a^'^^^Psq = l^{'^m,Q,p\<lt \'^m,0,p) + -^{'^m,l,p\Qt \'^m,l,p) 



_ •££ . (p+2)s 



2 

J2 e'^^(^-+^)(^-t)x,n.(2r), (4.92) 



s even 



vF 2 H ("1)"" H H 



.. (2m+p)n 6 2—6 2 



= E e'*'"+''<A-i>x^„,(2T). (4.93) 

sodd 

This reproduces the results (4.46) and (4.47) we obtained in the gauged WZW model. In 
particular, the undetermined coefficients there are determined now as 

e =1 
e =1. 



'RR 



The Witten index Ig2m+ipg is given by (4.88). 

5 Orientifold of A/" = 2 Minimal Models II — Open 
Strings 

This is a continuation of the previous section. We include D-branes into the discussion. 

5.1 Facts on D-branes in 7\A = 2 minimal models 

We start with reviewing some known facts about D-branes in the minimal model [21]. 

5.1.1 A geometrical picture 

It is convenient to provide a basic geometrical picture of the branes. As we have seen, 
the SU{2) mod U{1) supersymmetric gauged WZW model can be interpreted as the 
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sigma model on the disk |^| < 1 with the metric ds^ — k\dz\'^/{l — \z\'^), with non-trivial 
dilaton. As in ordinary sigma models, A-branes are wrapped on Lagrangian submanifolds 
(1-dimension) and B-branes are at complex submanifolds (0 or 2-dimensions) . 

A-branes 

A-branes are denoted as ^j,n,s where (j, n, s) G M^. There are 2k + 4 special points at 
the boundary of the disk. They fall into two classes, the even and the odd points. The 
A-branes arc Dl branes which stretch between these special points. The branes with s 
even extend between the even points, while those with s odd extend between the odd 
points. More precisely, the brane ^jns stretches between boundary points 

= e^("-^^-^) and = e^("+^^'+^) (5.1) 

For s = 0, — 1 the orientation of the brane is from Zi to Zf, and for s = 1,2 the other 
way around meaning that s — s + 2 is an orientation flip. The corresponding boundary 
condition on the right boundary of the string preserves the combination Q_^_ — (—1)^(5- of 
the supersymmetry. The boundary condition on the left boundary preserves the opposite 
combination Q_^_ + (— 1)''Q_ for the standard reason. The axial rotation a is a rotation of 
the disc by angle T:/{k + 2) and thus rotates the brane as n —>■ n + 1. 

B-branes 

There are unoriented B-branes denoted as '^^y s]' where j G Pfc, j < [|] and s G Z2. They 

arc located at concentric smaller disks, whose radius depends on the label j. The j = 

states represent DO branes at the center of the disk whereas the higher j states correspond 

to D2-branes. For even k, there arc also oriented B-branes J^f where s G Z4. They are D2 

branes wrapping the whole disk, s s + 2 corresponds to an orientation flip. As before, 

the corresponding boundary condition on the right boundary preserves — (— 1)*(5_, 

while on the left boundary the opposite combination (—1)^(5- is preserved. The 

axial rotation a does the exchanges =^^0] ^ ^fji] ^^^^ s ^ s±i'^ 

^Note that 'orientation of branes' is defined in the GSO projected theory, while the 'axial rotation a' 
is defined before the GSO. This and the above paragraphs contain a certain abuse of language. This is 
the reason for the arbitrariness in, say, the "action of a on the branes." There is of course a well-defined 
description in both before and after GSO, separately (as given in more detail in the following discussions). 
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5.1.2 Boundeiry states and one-loop amplitudes 



Wc next provide the boundary states and cylinder amplitudes, both in the GSO projected 
theory. 

A-branes 

In the RCFT, the A-branes ■^j,n,s are described by the Cardy states [73] 
Under the global symmetry g(„ s, the branes are transformed as 

9n,s ■ ^j,n',s' ^ ^j,n'+n,s'+s- 

The cylinder amplitudes are 

{^j,n,s\e-^^ \^f,n',s') = ^ N]'., Xj",n-n',s-s'{r) (5.2) 

j"ePfc 

This shows that the open string Hilbert space is the sum of ^jii^n-n',s-s' where j" runs 
over Pfe such that Nj-, = 1. 

B-branes 

B-type boundary states arc obtained by taking the 2^+2 x ^2 orbit of A-type boundary 
states, followed by an application of the mirror map. They are labelled by {j, n, s) modulo 
the action of the group, (j, n, s) ~ {j, n + 2,s) ~ {j, n,s + 2). For each j there are only 
two orbits distinguished by s even or s odd. n is then even or odd as required by the 
selection rule. We also note that {j, n, s) ~ (| — j, n + A;, s). Thus, the states are labelled 
by [j, s] where j < [|] and s e Z2. The boundary states are 

j,n+2n',s+2r 



n ,r 



Since there is no RR-part, the brane is unoriented. If k is even, the orbifold action has 
fixed points at j = |. The above boundary states for j — j should be further resolved 
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[21] (see [74] for a general discussion and [?, ?] for the original discussion in the context 
of WZW models with non-diagonal modular invariant) as 



?l,yVkT2e-^-f --'"^t^^^s] (5.4) 



Here, S can take the values —1, 0, 1, 2. S ^ S + 2 flips the sign of the RR part and thus 
corresponds to the orientation flip. 



The action of the global symmetry Qn^g on the branes can be read off from the boundary 
states. 

In particular, the unoriented brane ^^g] invariant under the subgroup Zj._|_2 x ^2 gener- 
ated by 5^2,0 and 510,2, while the oriented brane is invariant under the subgroup 
generated by gi,. 

We will later compute parity-twisted partition functions. Since the B-parities are not 
always involutive (4.69), we need to have the boundary state on the circles twisted by 
^rqp — fl'4r+2p,2p. All B-branes are invariant under this, and one can indeed think about 
the boundary states on the circle twisted by this symmetry. For the construction, we use 
the fact [30] that boundary states of the orbifold C/G on the circle twisted by a quantum 
symmetry Qp associated with the character g — > q^'^'^p^^) q^-q given by 



Since the boundary states associated to long orbits remain invariant under the action of 
the symmetry group 2^+2 x ^2 , one can consider boundary states on circles with Zj.+2 x ^2 
twisted boundary conditions. To construct those states, note that the group element g^^^ 
is mapped to a quantum symmetry of the orbifold model associated to the character 
fl'2n,2g e~^'^'^. Similarly, gQ2 is mapped to the character g2n,2q e^*^^. Hence, the 
boundary states on the twisted circles are 

i\ 



V V "I" / n,s: even 

= {2k + 4)i e^^ e^ ^ ^ (|/, n', + (-I)Ij', n', s' + 2))^) 

The boundary state is an element of the twisted Hilbcrt space with twist g2n',2s' as indi- 
cated by the subscript. Note that \^§^g])g,^,^,,, = \^y,s])92(n'+k+2),2(s'+2)- We now choose 
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the n', s' dependent phase e*^ = e'^'^r^ e"^'^ , which makes the boundary state real. This 
choice breaks the exphcit invariance of the expression under shifts of n' by A; + 2 and of s' 
by 2, effectively reducing the range of n', s' to n' e {— |, ■ ■ ■ , ^} and s' e {0, 1}. With 
this choice, the equations = n' and ^ = s' hold exactly, not only modulo A; + 2 or 2. 
The short orbit state (5.4) is only invariant under the elements of the subgroup generated 
by g2,2, therefore, we can only construct twisted boundary states with the corresponding 
twists. They are 

(5.8) 

The one-loop amplitudes 

The cylinder amplitude makes sense for any two boundary states on the same twisted 
circle. Hence, we can consider the following amplitudes between long orbit branes 

{^U^-^ \^b's'])9.n,^. = E ^,'5?-.+."e^"^X.",n",."(r). (5.9) 

2j"+n"+s" even 

For short orbit branes, we obtain 

I (SlB \^-^H\asB \ 

^g^4-5'-. 2 ew-^x.,n,.(r). (5.10) 

(j,n,s)eMfe 

Since the long orbit branes only have non-vanishing overlap with the orbit part of the 
short orbit boundary state, one can easily obtain the cylinder involving a long and a short 
orbit brane from (5.9) by setting / — k/i and dividing by two. 

5.2 Parity Actions on D-branes and open strings 

Let us now compute the Mobius strip amplitudes in the GSO projected theory in order 
to find how the parity acts on the D-branes and on the open string states. 

5.2.1 Geometrical picture 

Before doing the CFT computation, consider the actions in the geometrical picture. In 
Section 4.2.5, we have seen that the A-parities act as the complex conjugation (4.26), 
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folding the disk along the diameters, while B-parities act as the rotations (4.27), including 
the identity z ^ z as well as the inversion z — > —z. This can already tell, roughly, how 
these parities act on the D-branes. 

Let us first look how A-branes are transformed. The A-type parity q^Pa acts on the 
disk as the reflection z eT^^z, mapping the initial/final points Zi{j,n) and Zf{j,n) of 
the brane ^j,n,s (5-1) as Zi{j,n) — > Zf{j,£ — n) and Zf{j,n) — > Zi{j,£ — n). Thus, the label 
(j, n) is mapped to {j, £ — n) and the orientation is flipped. If we denote the oriented 
segment from Zi{j,n) to Zf{j,n) by L and the one with reversed orientation by L jn, 
the parity maps them as 

q^Pa: Lj^n^ Lj^i^n- (5-11) 

The B-type parity q^Pb acts on the disk as the rotation z — > e^^^z, mapping the ini- 
tial/flnal points as Zij{j,n) — > Zij{j,n + £). Thus, the transformation rule is 

q^Pb : '^j,n+e- (5.12) 



B-branes are DO-brane at the center or D2-branes located at the concentric disks whose 
radii arc determined by j. Since concentric disks arc invariant under both reflections z — >■ 
e'=+2 1 and rotations z ^ e'=+2 z, both A- type and B-typc parities preserve the j-label of 
the B-branes. To find the action on the s (or S) label, we need a geometrical interpretation 
of s (or S), which is currently missing. This is found, however, by computing and reading 
the Mobius strip amplitudes, which we now do. 



5.2.2 Mobius strips in RCFT 

A-type 

A-type parities corresponds to PSS crosscaps and A-branes correspond to Cardy states. 
Thus, the actions of A-type parities on A-branes follow the general rule in RCFT: 

PfijS ■ ^j,n,s ^ ^j,n—n,s—s- (5.13) 

To compare this with the geometric action (5.11), we recall that the parity q^Pa becomes 
the PSS-parity Pi-i,ezfi after GSO projection (4.74)-(4.77), where the ambiguity in the s- 
index is due to the symmetry (—1)^ absent before GSO projection. Thus, (5.11) appears 
to suggest the action P^ , : ^j,n,» ^j,n+i-n,», where the s-indices are hidden by • due to 
the ambiguity mentioned. The j-index is invariant as in (5.13) but the transformation of 
the n-index is different from the RCFT rule (5.13). A possible resolution of this problem 
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is that the correspondence between the geometry and the boundary state depends on 
whether the boundary is on the left or on the right of the string. If the boundary state 
for the brane located at Lj^n is \^j,n,») on the right-boundary but is {^j^n-i,»\ on the 
right-boundary, then the two transformation rules (5.11) and (5.13) are consistent with 
each other. This is exactly the case in the Landau-Ginzburg description of the model 
where there is a similar geometric picture of the branes [22, 23], as we will see in the next 
section. 

To find the parity action on the states, we compute the Mobius strip amplitudes, which 
is represented in the tree-channel by the overlap of the crosscap states and the boundary 
states. A computation as shown in Appendix D leads to the following result 

{^nM\^j,n,s) = E (/, n', s')xr,n'Ar), (5-14) 

where e^'*^'^ is the sign factor 

s — s' ft — n' 

I — ^ T — / _ \ — T — 

4'r(/,n',.') = (-l)^^+^+^"-^+(^+^)^ii^ao,^,.a,.„v. 

The factor N^--5^^^^)_^5^2s+s' -s iiideed selects the character Xj',n',s' that appears in the 
^3,n-n,s-s-^3,n,s Open string. From the above result one can read that the parity P^^s 
acts on the open string Hilbert space as 

P^ ^ = 4',"''(i', n', s') e'^^(-^o-''^.".«) on the subspace J^',n',s'. (5.15) 

B-type 

For B-type parity, there is no general rule on the action on B-branes, but one can read it 
from Mobius strip amplitudes. 

The Mobius strip with an unoriented B-brane at the boundary is given by 

{^rqp I I ^^,s\ ) S4r+2p,2p 

{j',n',s'): even 

(5.16) 

A comparison of the Mobius and cylinder amplitude shows that the boundary label j is 
mapped to itself by all B-type parities, as expected from the geometrical consideration. 
The selection factor S^, ^ shows that the p = parities leave also the label s invariant. 
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whereas those with p = 1 exchange even and odd boundary labels. Furthermore, the 
structure of the Mobius strip implies that the B-parity Prqp can be obtained from Pqoo by 
combination with the symmetry elements g2r+p,2q+p- This extends the claim (4.71) from 
the closed string sector to the open string sector. 

The Mobius strip with an oriented B-brane at the boundary is given by 

/ \ J_ / \ 2j-|-n — s 
sO , , , X V 1 + (—1)^^1—1 ) 2 m(2r+p)n ■Ri(2q+p)s 

= (-1)^^+'-+''+^^ ^ ^a,,^,,Xj,n,s{r) 

{j,n,s)eMk 

(5.17) 

Again, we see that the Cardy label j = k/A remains invariant as expected from geometry. 
Also, parities with p = map S-even branes to 5'-cvcn branes and odd brancs to odd 
branes, while p = 1 parities exchange them, as before. In the present case, however, the 
label S is defined mod 4. To obtain the refined information, note that the l3§k ^r^k ^ open 
string partition function (5.10) has the selection factor (l + (— 1)"^^^2 
Comparing with this, we find that the label S' of the image brane is identified as 

This determines the parity action on S mod 4: 

p = 0, r + q even : ^ ^ 
p = 0, r + g odd : „ ^ 

4>'-' 41'-'+^ 

p=l, r + ?even : ^f_^^f_„ =^f„^^f. 

45'-' 4 ' 4 ' 4 ' 

p=l, r + ?odd : , 

4>'J 4>J^ 4:^ 4) ^ 

In comparison with the action of gn,s on the branes (5.5), we see that this action is 
consistent with the claim Prqp — 5'2r+p,2g+p-Pooo- 

5.3 Resolving GSO 

Let us now entangle the GSO projection and derive the Mobius strip amplitudes in 
the original M = 2 minimal model. This in particular enables us to compute the open 
string Witten indices. 
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5.3.1 Oriented branes vs unoriented branes 



The first step is to find the relation of the boundary states of the model before and 
after the GSO projection. We use the following prescription. Let us consider a theory 
involving fermions with a mod-2 fermion number (—1)'^ that can be used to define the 
non-chiral GSO projection. We are interested in how the open string amplitudes of the 
GSO projected theory can be defined in terms of the underlying theory. Let {Oa} be 
oriented D-branes and {Uj} be unoriented branes of the GSO projected theory. For each 
oriented brane Oa there is another brane Or{a) which corresponds to the same boundary 
condition [a] but has an opposite sign in the GSO projection on the open string sector: 

Tr g^ = Tr = Tr llizDlqH (519) 



1 - (-1)^^ 

Tr = Tr = Tr ^ ^—q". (5.20) 

„GSO „GSO mailt] ^ 

a,r{b) r{a),f> ' J"- J 

Or(a) is the orientation reversal of Oa in this sense. The partition functions involving 
unoriented branes are 



Tr = Tr q" , (5.21) 

Tr q^ = ^Tr q^ . (5.22) 

The factor of 1/a/2 may appear odd. However, in the spectrum between oriented and 
unoriented branes, there is always an odd number of real (or Majorana) fermion zero 
modes whose partition functions are odd powers of -s/2. Thus, it is only with the factor of 
l/-\/2 that the open string partition functions of the GSO projected theory have integer 
coefficients. 

The above definition leads to the following expressions for the boundary states of the 
GSO projected theory 

= ;^l%l).s.s + (5-23) 



Example: free Dirac fermion 

For illustration, we consider the free Dirac fermion ip±, and the following two boundary 
conditions 
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B:il)-^ -0+, "0- = "0+- 

For both AA and BB open strings, the space of states is the Fock space of the complex Clif- 
ford algebra generated by -0^, '0„ = '0in ^ ^) obeying the relation {tpni '0m} — <^n+m,o, 
{'0n, '0m} = 0. In particular, the partition functions Tr^^ QiaFAqH Ti^g Q^aFv^H 
have integer coefficients in the expansion by q^o'QnqEn ^ where Fa — + '0+'0+ and 

Fy — + are the fermion numbers conserved in the respective open string 

system. Let us now consider the AB-string. There is one real fermion zero mode, the zero 
mode of Re('0_) or equivalently of Re('0+), whose partition function is [75] 

V2. 

The non-zero modes are positive-integer as well as positive-half-integer moded complex 
fermions, with the zero point energy —^4 + ^ — -^- Thus the total partition function is 

00 

TV^,g^ = V2q^s J](l + + g-l). 

n=l 

Let us now consider GSO projection by the operator 

(-1)^ = e'^'-^^. 

The projected theory is the sigma model on the circle of radius R = \/2, X = X + 2-kR, 
where the correspondence is ip^ip± = {dtX ± daX)/\/2. The boundary condition A 
implies = or equivalently the Dirichlet boundary condition dtX = (for 

a DO-brane), while the boundary condition B implies = '0_|_'0+ or equivalently the 

Neumann boundary condition d^X = (for a Dl-brane). A more careful inspection of 
the boundary states shows that the location of the DO-brane is at X = or X = nR, and 
the Wilson line for the Dl-brane is zero. Namely, 

\D^sr) = + ^-^m^n^ (5.25) 

1^0) = |^b),3.s- (5-26) 

In fact, the DN-string has odd-integer moded bosonic field and the partition function is 

00 

n=l 

00 ^ 

= ?^n(l + ^'^)(l + ^""^) = 7fTr,,g^. 



n=l 



This is indeed in agreement with the relation {D\q^\N) — ;^NSNs(=^-4kt^l'^-B)NSNs ^^^^ 
follows from (5.25) and (5.26). 



65 



5.3.2 A-type 



All the A-branes ■'3Sj,n,s ai'c oriented where the orientation is flipped by the shift s ^ s + 2. 
Thus, the boundary states of the projected theory is composed of the NSNS and RR sector 
states as 

1 1 

\^hn,s) = -^\^j,n)^sNS + (5-27) 

In other words, the boundary states before the GSO projection are given by 

1 1 

I "^J-") NSNS ~ ~^\^j,n,s) + -^\^j,n,s+2), 
|<^i,n,(s))jj^R = -^\^j,n,s) — -^\^j,n,s+2) ■ 

We have retained the orientation dependence for the RR-boundary states, so that the 
orientation flip corresponds to the sign flip |=^j>,(s+2))p,p, = ~\^j,n,is))j^j^- 

The spectrum of the open string before the GSO projection is found by computing 
the ordinary partition function TY(^j^n),{j',n')Q^ = NSNs{^j,n\Qt^\^j',n')i^sNs- Using the above 
identification of |=^j,n)NSNs formula (5.2), we find 

'^{j,n),{j',n') = ® N^jj' =^^n-n',s" (5-28) 

2j"+n—n'+s" even 

where '^^^^ and =^^,1^ are the representations of the Neveu-Schwarz and Ramond 
M —1 super- Virasoro algebra which is defined as 

=^i^,T4 = -^,",5 ® =^,n,5+2- (5.29) 

where j G Py^, n G and [s] G Z2 is the mod 2 reduction of s G Z4. 

Let us now compute the open string Witten index. <^j,n,(s) at the left boundary and 
^j',n'.(s') at the right boundary preserve the same supersymmetry if and only if s — s' is 
odd. Then, the index is given by 



— {'^j,n,s\Qt \^j',n',s') ~ {■^j,n,s\Qt \'^j',n',s'+2) 



{Xj",n-n',s-s' " Xj" ,n-n' ,s-s'+2) (t ) 



j":ev 

~ Z^-^^jj'\'^s-s',l '^s-s',-l)\"n-n',2j"+l "n-n',-2j"-l^ 



= (-l)^A^.^.,^ (5.30) 
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Here, is the periodically continued fusion rule coefficient [20], Njj, — N^jj^^^^'^'' — 

—Njj, , N^y — Njjj — 0. This continuation is the same as the analytic continuation 
using the Verlinde formula, which expresses the fusion rule coefficient N in terms of 
elements of the modular ^'-matrix. 

Let us next compute the open string index twisted by the parity symmetry Pa- We 
recall that Pa commutes with the supercharge Q^+Q- which is the combination preserved 
by the ^j^n,{s)-^j',n',{s')-s^'^^T^E. with s even and s' odd. Recall also that Pa corresponds to 
P-i-i in the GSO projected theory under which the _„_i__s_i-string is invariant. 

Thus, we consider the twisted Witten index for the <^j,„,(s)-=^j,_n_i,(_s_i)-string in the 
original minimal model: 

Ip^{^j,n,(s),^j-n~l,{-s-l)) = RR(%n,(s)kf I^Pa) 

Using the formula (D.3), we find that the summands are 

- (-1)* E - i-^K^s,,,..) (-^)^'"''^^ 



'2j' even 
n' odd 



Note that (7o,_i,=pi = ±1 and 



This shows that 



Xj'-n',l Xj'-n'-l _ r r 

On',-2j'-l — 0n',2j'+l- 



IpAi^jMs)^ ^j-n-U-s-l)) 

= (-1)1 5: (-if'-''N^, (4r' - (-i)'ou - + 



= (-1)* z 4 (^]>"' - + - ^n-J) ■ (5.31) 

Similar to the untwisted open string Witten index, this index can be expressed as a 
periodically continued fusion rule coefficient: 

/p.(^,>,(.), ^,-,-n-i,(-.-i)) = (-l)^A^j;-, (5.32) 

where N^- is the SU{2) fusion rule coefficient with the periodic continuation N^j = 
~ ^Jj ~^ ■ ■'^ot^ th^t this periodic continuation is different than the one that 
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appears in the untwisted open string Witten index (5.30). While the fusion rule coeffi- 
cients appear in the open string channel of the cylinder diagram, the quantity that governs 
the Mobius strip amplitude is the F-tensor, and the periodicity is in fact the one inherited 
from the F-tensor. To see this, recall that 

whose analytic continuation indeed agrees with the one derived above. 

We will compute the same index in the Landau-Ginzburg description of the model in 
the next section. 



5.3.3 B-type 

We now consider B-branes and B-parities. We shall omit the superscript "S" for the 
branes in this subsubsection. The boundary states of the unoriented branes ^\j,s\ ^-nd the 
oriented branes g are written in terms of those before GSO projection as 

1%,.]) = I%,.]).SNS' (5-33) 
^ = —\^k ,^.) „ „ H . (5.34) 

[S] is the mod 2 reduction of the mod 4 integer S, and the phase factor e~^^'^^+'^) 
represents the sign flip of the RR-part under the orientation reversal S ^ S + 2. 

Let us find the open string spectrum before the GSO projection. As in the A-type case, 
this can be read off from the ordinary partition function Ti abQ^ = NSNs('^l9't^l^)NSNS' which 
is computable using the relation to the boundary states of the GSO projected theory, 
(5.33)-(5.34), and the formulae (5.9)-(5.10). We find that the spectrum of ^[j,s]-^[j',s']- 
strings and j^j-^^fe j^/j-strings is 

^b>],bV'l= N^-"^^,s-s', (5.35) 

2j"+n"+s—s' even 

2j,n+S-S' even 
U,n) = {^-j,n+k+2) 

where J^ff^'^'^i are the M = 2 NS/R modules (5.29). Wc would like to identify the action 
of the symmetries a^™ and (— l)^a^™ on these open string Hilbert spaces. We shall find 
it using the following guideline: 
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,2m 



must commute with the supersymmetry, 



• (—1)^0^™ must anticommute with the supersymmetry, 

• They must induce the symmetry g2m,2m or g2m,2m+2 after GSO projection. 

Let us first look at the =^[j-^s]-^[j/^s/]-string. Looking at the Cylinder amplitudes (5.9) 
one observes that 5'2n,2s acts as the phase e ^^+2 2 ^ on the subspace M'yini's"- This 
shows that fi'2m,o commutes with the supersymmetry and g'2m,2 anti-commutes with the 
supersymmetry. This fixes the identification as 



2m — „ 
a = 5'2m,0, 

(_l)i^a2m = ^^^^^ 

The boundary state identification = |<^[j,s])Nsiv 

by the twists as 



%,s])g2m,0 
%iS])ff2m,2 



l=^[i,*])(-l)^«2m. 



(5.37) 

?[j,s])(_i)F is now generalized 

(5.38) 
(5.39) 



Next, consider the j^j-^f^k j^/j-string. Looking at the formula (5.10), we find that g'2n,2n 
acts as e~'^*""^° on the subspace of Ti^fc ^g^) (i {S'\) ^^^^ survives the GSO projection. The 
operator e~'^'"'^° commutes (anti-commutes) with the supersymmetry for even n (odd n) . 
Thus, we identify 

52m,2m = e"--"^" = {-l)^^ a"-^ . (5.40) 
In particular, the twisted version of the boundary state identification (5.34) is 



In particular, we find 



)(j2m 



1 

-i6s 



+ 



g-f (5-2+5) 



V2 



[5] )(-!)'' 



(5.41) 



V2 



S/ 92m,2v 



■1) 



m— 1 1 



Q'2ra,2n 



^\^\\,S\l92. 



m odd 



^ e 2 2^^^_^^ e 2 «±i + 7,7,^ s + 7,^))^ 7,^ even 



(5.42) 



where e*^'^ — 1 for odd m and e*^'^ = e for even 



m. 



Open string Witten index 

As an appUcation of (5.38), (5.39) and (5.41), let us compute the open string Witten 
index from the tree-channel. 
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We start with the open string stretched between unoriented B-branes. on the 

left boundary and ^[j'^s'] oii the right boundary preserve the same supersymmetry if s — s' 
is odd. Thus we consider the Witten index for odd s — s', twisted by an axial rotation 
symmetry: 

E-/I / ./m(2j" + l) 1\ ■/ m(2i" + l) 1n\ 

N'.., ( e^<^T+T^—2) - e-<-^T+^—2)\ (5.43) 

i"ePfc 

The ordinary index (the one with m = 0) vanishes. This means that there arc equal 
number of bosonic and fermionic supersymmetric ground states — for each j" with Nj-, ^ 
there is one ground state from ^j^'^-y'+i i ^'^'^ another from J^p'Z2j"-i i which contribute 
to the index with opposite signs. The index escapes from vanishing if twisted by an 
operator a^"* that acts differently on those ground states. 

Let us next consider the index for the string stretched between oriented B-branes. 
The boundary conditions on the left and i3Sk on the right preserve the same 

supersymmetry. Thus, the open string Witten index is defined for odd S — S' and is given 

by 



|(=^[|,s]l«^[|,5'])92m.2™ (modd) 



(m even) 

-'92m, 2m 



41"' 4 ' 4 I*- 

= J2 e^^^^^w-^) (5.44) 

This is consistent with the fact that there are ground states from ^^^j^^^i, j £ PfeflZ. 
They are all regarded bosonic and a^^ acts on them by phase e'^*"*^"^"^). Por even m, 
the result can also be evaluated as 

(m even, m 7^ 0) 
^ (m = 0) 

The vanishing for twists with m even, m 7^ 0, is most easily understood in terms of the 
closed string channel: by (5.42) we see that the propagating closed string states are in 
the representation (|, + m, s + m). There are no supersymmetric ground state in this 
sector, unless m = 0. 

In both cases, the index behaves in the way it should. This may be regarded as a 
strong consistency test of the twisted versions of the boundary state identification, (5.39) 
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and (5.41).^ Now let us use them to compute the Mobius strip amphtudes of the theory 
before GSO projection. 



Parity actions on boundary conditions 

From the actions of parities Prqp on the B-branes in the GSO projected theory, we see 
that the parities in the original model transforms the boundary conditions as 



'lis] ^\,[S] 



In particular, the B-parities a^'^^^Ps transform the =^|j_s]-=^[j^5+i]-string to itself and 
j5_,.]^]-string to itself. 



parity-twisted open string Witten index 



The B-parities a^^^^^Ps commute with the supercharge + Q_ which is the supersym- 
metry preserved by the o]-^[j,i]-string as well as by the ^q^^k j^j-string. Thus, we 
consider parity-twisted Witten index in such open string sectors. 

We first consider the =^[j^o]-'^[j,i]-string. The index is expressed as 

where the boundary state should be the one on the circle twisted by the square of the parity 
(^^2m+ip^Y _ Q4m+2^ which is 94^+2,2 I ^y the identification (5.39). The crosscap state 
is the one given in Eq. (4.80), and hence 

42-+lPB(%,0],'^b,l]) = gAm+2,2{^\jfi\\^tY^m,l{ + )) X (-l)""" 

Since W = 1, we find |^mj(+)) = [\'^moi) + |^mii)]/v2. The sum of the two pairings 
is the complex conjugate of the following 

{"^mOll^Ufi]) g4m+2,2 + {"^mlll^ljfi]) g4m.+2,2 

^It would also be interesting to study the open string stretched between oriented brane and unoriented 
brane. Just as in the case of free fermion, we obtain in the partition function. This signals the presence 
of an odd number of real fermion zero modes in the open string system. We do not, however, study it 
further in this paper. 
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iVj^-e (e-— + e— )(-l) ^ +V,v„,,,x/ 



n' odd, s' = ±l 



^ iV^. e 2(fc+2) (_1) ^ +'(cX,'„/iX/n'l -(X,'„',-lXi'n',-l) 



odd 



^ 4' / 7ri(2;;M^l)(2/ + l) 7ri(2m+l)(2/ + l) \ 

= V 2 2^ iVjj- f e 2(fc+2) _^ e 2(/=+2) J _ 



j'ePfcnz 

Thus, we find 



^ . ./ / . (2?7i + l)(2i' + l) . (2m + l)(2j' + l) \ 

„2...pJ%,o],%,i]) = (-ir E AT^, ( e'^^^^^ + e-'^^^^^ ) (5.45) 



This shows that the B-parity o^'^^^Pb acts on the supersymmetric ground states in 
'^^S2J'+l),l by the phase ±(-l)"^e 



2(fc+2) 

We next consider the p^-^K j^j-string. The index is represented in the tree-channel 
as the pairing {l3§k |gf^|^a2mp^). The boundary state is the one on the circle twisted by 
a4"»+2 = a2(2"»+i), which is g^^^^^^^+^{^^k^Q^ \ x ^ by the identification (5.42): 



lg2m+l p \.i>&k 



~ 94m+2,2(=^[|,0]l^"l,l( + )) ^ ^ 



The computation thus reduces to the special case j = | of the unoriented branes, the 
difference being a division by -\/2. Since Ni ^ = 1 for any / e Pj. fl Z we find 

4 4 

f — 1)™ V . / 7ri(2?M^l)(2/+l) _ 7H(2^+1)(2/+1) \ 

^ j'ePknz 

X ^ 1 + P " ^ ,r,:(2m + l)(2/+l) 

= (-ir E 7^ e ^c^^^) , 

where, in the second step, we made the change of variable j' — | — j' for the second term 
of the summand. Note at this point that (1 + e~'^'^^)/-\/2 = e^'^'/^. This shows that 
the index is given by 

/„2^+ip^(i^fc [o],^| j^]) E e''^^(^-5), (5.46) 

jGPfcnz 

where phase ±1, ±i depending only on m. This shows that the B-parity a^^+^Pp 

acts on the supersymmetric ground state in ^^j^^i^i as the phase multiplication by 

■2^+l(-2/ + l_ In 

Cl!me 2 (. fe+2 2^. 
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6 Landau— Ginzburg Orientifolds 



The M = 2 minimal model is realized as the infra-red fixed point of the J\f — 2 
Landau-Ginzburg model of a single chiral superfield $ with superpotential 

W = (6.1) 

In this section, we study parity invariance and orientifolds of Landau-Ginzburg models 
and apply the result to the particular example (6.1). We start by determining the condi- 
tion for a parity to preserve A-type or B-type supersymmetry. We next find the integral 

expression of the overlap of the crosscap states and the supersymmetric ground states. 
Also, the twisted Witten indices are interpreted as the 'intersection numbers' of 0-planes 
and 0-planes or 0-planes and D-branes. We then specialize to the model with the su- 
perpotential (6.1). The results on the overlaps of crosscaps and supersymmetric ground 
states and Witten indices agree with the ones of the N = 2 minimal model obtained in 
Section 4.5. 



6.1 A-parity and B-parity 

Let us consider a Landau-Ginzburg model of chiral superfields $ = ($*) with the 
Lagrangian 

C = j d^^X($,$)+ j d9-de+W{^\±^^ + J d9^d9~Wi^\e±=o. (6.2) 

K((f),(f)) is the Kahler potential for a non-degenerate Kahler metric gij — d'^K/d(j)^d(f)\ 
and the superpotential W{(j)) is a holomorphic function of (0^,...,0"). In terms of the 
component fields {4>\ijjj.) of $*, the Lagrangian has the kinetic and four- Fermi terms 
for the non-hnear sigma model and also a potential term —g'^^diWdjW as well as the 
fermion mass term (or 'Yukawa couphng') —{DidjWip'j^ipL -\- c.c). We may regard 0* 
as local complex coordinates of some Kahler manifold X, but we assume that the first 
Chern class of X is zero, so that the B-twist is possible. For the existence of a non-trivial 
holomorphic function W , X has to be non-compact. 

The supercharges are expressed as 

Q- = j da;' (^^3(^0 - ao^'vi + 0^m) 



73 



We would like to find a parity symmetry that transforms the supercharges as (2.1) or 
(2.2) — A-parity or B-parity. 

Let us first consider the A-parity that exchanges Q_. By looking at the ex- 

pression for the supercharges, it is clear that an A-parity should map the holomorphic 
coordinates to antiholomorphic coordinates. Furthermore, the superpotcntial should be 
conjugated. Namely, an A-parity is given by taO, where ta is an antiholomorphic invo- 
lution of the Kdhler manifold X such that 

W{ta(/)) = 1^(0) + constant. (6.3) 

This is anomaly-free since we assume that the first Chern class of X is zero. Suppose 
that the Kahler potential is the flat one K — and the superpotential W — 

Yl^h---ir^^^ ' ' ' has all real coefficients, aij..,i^ G M. Then, for the complex conjugation 
T : 0* ^ 0*, rfl is an A-parity. In terms of the superfields, this is given by 

and the Lagrangian (6.2) is manifestly invariant since Qa '■ — maps the measure 

de-de+ to d^^dF. 

Next we consider the B-parity Q+ Q_. Again by looking at the expression of 
the supercharges, we find that a B-parity should map the holomorphic coordinates to 
holomorphic coordinates. Since the coefficients of dW terms are opposite between (5+ 
and we also find that W should be mapped to minus itself, — VF, up to a constant 
addition. Thus a B-parity is given by tbQ where tb is a holomorphic involution of the 
Kdhler manifold X such that 

W{tb^) = -W{(t)) + constant. (6.4) 

The minus sign can also be understood by looking at the fermion mass term iy'(0)-?/'_|_ ■?/'_: 
the worldsheet chirality fiip Q exchanges and V'- and thus maps —>■ — 

—ip+ip-. To compensate this minus sign, the superpotential itself has to fiip its sign. In 
terms of the superfields, the parity action is given by 
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The Lagrangian expressed in the superspace (6.2) is manifestly invariant under this, since 
W{tb^) = -W{^) + constant and fls 0^ ^ 9^ flips the sign of the measure d^'d^"*". 

One may also consider the variants of A- and B-parities. For an antiholomorphic 
involution ta such that 1^(ta0) = e^'"l^(0)+const, one can define an Aa,o-parity (that 
does <-> e~*"(5_) by combining taQ and a vector R-rotation. Starting with a B-parity, 
the Bo p-panty (that transforms <-> e~*^(5-) is obtained by an additional action of an 
axial R-rotation (which is a symmetry of the model under the assumption of ci (X) — 0) . 
For an antiholomorphic involution ta such that W{ta(I>) — — VF(0)-|-const, the operator 
(—l)^'^rA^ is an A-parity (that docs — > —Q^. Q_ Q+)- If 'Tb is a holomorphic 
involution such that Vr(rs0) = W {(t))+cxmst rather than (6.4), then [—1)^^tb^ is a 
S-parity (transforming —Q-, Q- Q+)- 

6.2 Overlap of crosscap and RR ground states 

Let us consider the A-parity associated with an antiholomorphic involution r oi X 
such that W{T(f)) = l''l'^(0)+const. We will compute the overlaps of the crosscap states 
and the RR ground states. If we use the ground state corresponding (via a B-twist) to 
the cc ring elements, the overlaps do not depend on the twisted chiral parameters. In 
particular, one can take the large-volume limit of X where the zero-mode approximation 
is exact. This is precisely as in the case of overlaps of the boundary state for A-branes 
and the same set of ground states [22, 23]. 

We recall that an A-brane in a massive LG model is wrapped on a Lagrangian sub- 
manifold 7 consisting of the collection of gradient fiow fines of Re(l^) starting from a 
critical point. Its image in the W^-plane is a straight line emanating from the critical 
value and extending in the real-positive direction. The overlaps with RR ground states 
are expressed as the integrals over 7 of the ground state wavefunctions of the zero mode 
quantum mechanics. The ground states are middle-dimensional forms on X annihilated 
by the supercharges 



We choose two sets of such ground states {uji} and {uji} to be used in the overlaps 
U] — and IT- = (?|=^.y). The overlaps are expressed as 



Q+ 
Q- 



d + idWA, Q 



d - idWA, Q 



*{-d + idWA)*, 
*{-d-idWA) * . 



n7 




i{W-W) 



(6.5) 
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The factors e^*^*^^^^^ are simply some constants on 7, but they turn the integrands into 
closed forms on X} Since the integrands are closed, we can deform the cycle 7 without 
changing the integrals. We deform it to 7" for 11 J and to 7^ for U] , where 7^ are such that 
the H^-image is rotated by the small phase e^**^ around the critical value. Even though the 
boundaries are moved, this rotation does not change the integral since eT^iw-w) ^^0^]^^ as 
a convergence factor. At this point, one can replace Ui (resp. uji) by another representative 
of the {Q_^_ + Q„) cohomology class (resp. + Q_) cohomology class). Convenient 

representatives are of the forms e~*^0jf2 for cjj and e~^^(f)if2 for uji, where 0j are chiral 
ring elements and f2 is the nowhere vanishing holomorphic n-form of X. Thus, we find 
alternative expressions 

U]= f e-'^^cPif}, fq= I e-'^^Ji^n. (6.6) 

It is useful to think of this in terms of cohomology theory. Note that 7^ defines an 
element of the relative homology group if„(X, S±;Z), where B± is a region in X such 
that ±Im(l^) > for a large positive R. On the other hand, e~*^0ii7 and e~*^0j * Q 
form a basis of the relative cohomology groups if"(X, S_;C) and if"(X, S+;C). The 
overlaps are simply the natural pairings. 

In the above argument, we have assumed that the critical points are all non-degenerate 
and the corresponding vacua are massive. Suppose now that W has degenerate critical 
points and the theory flows to a non-trivial superconformal field theory. Let us assume 
that the theory can be deformed to a massive theory by deforming the superpotential AW, 
which does not affect the asymptotic behaviour at infinity. This is the case, for example, 
in the minimal model W — where the addition of a generic lower-order term splits 

the degenerate critical point to A; -|- 1 non-degenerate critical points, without changing the 
asymptotic behaviour. In such a case, we can apply the above to the deformed theory, 
obtaining the integral formula for the overlap of the boundary states and RR ground 
states. Since the expression obtained in this way is analytic in the perturbation AW , 
the overlaps for the theory before deformation are obtained by just setting AW — > 0. In 
this way, we see that for such a class of SCFT, we also have the same integral formula 
for the overlaps of the boundary states and RR ground states. In what follows, this line 
of argument will be frequently used or assumed. In the computation involving crosscap 
states, the only thing to be careful of is that the deformation AW must preserve the 
parity under consideration. As for the A-parity $ 0^<l> for the minimal model, this is 

-'^The factors qT^{w-w) ^t^^q naturally induced from the modification of the boundary term so 
that the open string ground state energy is zero. They also make the overlaps obey the parallelism 

vn = vn = 0. 
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(a) 



(b) 



Figure 6: Deformed orientifold planes for r : ^ in the models with X = C and 
superpotential (a) W = and (b) W = The shaded regions are B_ and the bold 
(broken) lines are the deformed orientifold planes {X^)~ . The other ones 5+ and (X^)^ 
are obtained by reflection with respect to the real line. 

ensured by using a real polynomial AW of lower order. 

As in the case of D-branes, the overlaps U'^^ = t^K) and III^ = of the 

crosscap states and the ground states are expressed as the integration of cjj or *ujt over the 
r-fixed locus C X — the orientifold plane. As in the case of branes, one can put the 
constant factor e^^(^~^) in the integrand and deform the integration submanifold X"^, 
in order to express the integral as the holomorphic (or antiholomorphic) integrals over 
deformed orientifold planes. We note that the W-image of X^ is parallel to the real axis 
but not necessarily extending in the real-positive direction; it could also be extending in 
the real-negative direction or in both the real-positive and negative directions. Thus, in 
order for e''"*'-^"^-* to work as the convergence factor, we deform the plane X"^ so that 
the IV-image is rotated by the phase e"^*^ in the real-positive direction and by e^*^ in the 
real-negative direction. We call the resulting cycle X"^^. (See Fig. 6.) Thus the overlaps 
are expressed as 



The deformed orientifold planes define relative homology classes, [X^^] G Hn{X,B^;Z). 
Then, one can consider the expressions (6.7) and (6.8) as the pairing of [X"^^] and the 
basis of the group H"'{X, B±] C) defined by the chiral ring elements (pi. 




(6.7) 



(6.8) 
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6.3 The twisted Witt en index 



Using the expressions for the overlaps with the RR ground states, one can find a 
homological formula for the Witten index. Inserting the expressions (6.5) into the bilinear 
identity (2.34), we find 

/(a, b) = J2 [ e-^(^-^)o;, g'^ [ e'f"^"^ * cuj, 



'la ''It, 

where g^^ is the inverse of the matrix gi-j = J^uji A *ujj. We have similar expressions for 
the twisted Witten indices Iru and Irn{a). 

By Riemann's bilinear identity, such expressions can be identified as certain intersec- 
tion numbers (see [23]). Here, an essential role is played by Poincare duality. For each 
homology class [C^] in Hn{X, 5+) we find a cohomology class Pd[C^] in /J"(X, i?_) such 
that Pd[C+] A 7]+ = r]+ for any r/+ G i/"(X, 5+) and Pd[C+] = #(£)- n C+) 
for any G Hn{X, -B+). It is roughly a delta function supported on C^. Since the group 
H'^{X,B_) is spanned by e~^^^^~^^uJi, one can express the cohomology class Pd[C"'"] as 
the linear combination Y^-d e~^^^^~^'^uJi. The coefficients c* can be found by taking the 
wedge product with e^l^i^-"^) * cjj G H'^{X,B+) and integrating over X. This shows 
d — ^jg'^ Jc+ e*^^^"'^-* * '^r Thus, we find the expression for Pd[C"'"], or 

y2 f ^-im-w)^^ f ^im-w) * ^_ ^ /■ Pd[c+] = #(D- n c+) 

,^ JD- Jc+ Jd- 

for D- G Hn{X,B_). 

Applying this to D~ — 7" and C"*" — J^, we find 

/(7a,76) = #(7a"n76+)- (6.9) 
For the parity- twisted Witten index of the closed string, we find 

7,^ = #(x--nx-+). (6.10) 

This is the Landau-Ginzburg version of the index formula (3.5) in non-linear sigma mod- 
els. For the parity-twisted Witten index for the 7-r7 open string, we find 

iM^#{rr)X^+). (6.11) 

This is the LG counterpart of the index formula (3.6). We also find IrniT'y) = ^{X'^~ fl 
7+), which is consistent with the above since #(7" fl X''^) = #(X'^^ fl (tj)'^). 
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6.4 The case of W = $^+2 



The LG model with superpotential (6.1) flows to the level k M = 2 minimal model 
[16, 17] (see also [18]). The system has both vector and axial R-symmetries 

U{l)v ■ ^{e^) e^$( e-^"^^), U{1)a : ^{9^) ^ $( e^^^^±), 

which correspond to two combinations of the U{l)ji and U (1)^ R-symmetries (4.3). There 
is also a discrete symmetry generated by 

$(^±) ^ e^$(±^^), 

which corresponds to the ^2{k+'2) symmetry (4.11). This was found by a subtle analysis 
of the anomaly in the gauged WZW model, but it is evident at the level of the classical 
Lagrangian in the LG model. 

The chiral ring of the model is C[0]/IV(0), namely, generated by and subject to 
the relation 0^^+^ = 0. The ring elements correspond to the states 

|j)cc^0'^'- (6.12) 
The antichiral fields correspond to the states 

|i)aa^0^''- (6.13) 

They can also be related to the RR ground states by spectral flow. 

In what follows, we study orientifolds (and D-branes) of this LG model, and compare 
with the results obtained in the previous section. 



6.4.1 A-orientifolds 



Let us first find the A-parities of the system. As discussed above, an A-parity is of the 
form ta^, where ta is an antiholomorphic map such that (ta^)'^'*'^ = 0*^^ up to a possible 
addition of a constant. We find /c + 2 of them given by 

rl™:0^eW0, m = 0, 1, . . . , A; + 1. (6.14) 

We also find the same number of A-parities (— 1)^«t^"*"'"^Q, where 

T^'"+^ : ^ e^+^0, m = 0,l,...,A; + l. (6.15) 
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L~ 



L~ 



L 



+ 



L 



+ 



k even 



k odd 



Figure 7: The deformed orientifold planes 



Note that t\ maps the chiral primary fields (p^ to antichiral primary fields e ^+2 . 
Comparing with the action of which maps \j)cc to e ^+2 Ij)^^ up to an ^-independent 
phase multiplication, we find that these are related as 



possibly with a uniform shift of m. 

In what follows we study some properties of the parity for the involution r = r^. 
Other A-parities are simply combinations with the discrete axial symmetries. 

Closed string Witten index 

The orientifold plane L for tQ is the real line G M. Its ly-image is the semi-infinite 
line M>o for even k and the real line itself for odd k. Thus, the deformed orientifold 
planes are straight lines e^*'^M for even k while they are infinitesimally bent lines 
e^*'^M>o U e^*'^]R<o for odd k. This is shown in Fig. 7, where we have chosen an orientation 
of each of the planes. We find from this that the parity-twisted Witten index for the 
closed string is given by 



(6.16) 




k even 



k odd. 



(6.17) 



This is in agreement with the result (4.91). 
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Overlap of the crosscap and the RR ground states 



Let us compute the overlap of the crosscap states and the RR ground states using the LG 
model. The differential form 0ji7 corresponding to the normalized ground state \j) is 



(f)jf2 — Cj0^-'d0, 



(6.18) 



where 



Cj = -i e 2(fc+2) 



Vk 



^(2j+l) ' 
k+2 ' 



(6.19) 



We have chosen this normalization so that the associated ground states have unit norm 
01/) — (See Appendix F for an explanation of this point.) It is straightforward to 
compute the integrals (6.7) and (6.8) 



They are 



n 



Jl+ 



.-Tk+2_2j — 

e "f' % d(/.. 



^2(^ + 2)sin(^^ 



^2(A; + 2)sin( 



vr(2j + l) ■ 
k+2 ' 



k even, 



7ri(2j+l) . 7ri(2j+l) 

7ri(2j + l) e 2(fc+2) _|_ (—1)^-? e ^(fc+a) 

i e 2(fc+2) ^ ^ k odd, 



(6.20) 



n: 



l + (-l)=^^' 



k even. 



^2(fc + 2)sin(^:(g±i)) 

7ri(2j + l) TTi(2j + l) 

7ri(2j + l) e 2(fc+2) _|_ ('_]_)2ig 2(fc+2) 

e 2(fc+2) ^ ^ A; odd. 



2(A; + 2) sini 



7r(2j+l) 
fe+2 



(6.21) 



Let us compare these with the results (4.84) and (4.85) from the RCFT analysis. It is 
straightforward to check that they completely agree: 



n 
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Open string Witten index 



The A-brancs of the model are studied in [22] , using the deformation to a massive model, 
and found to be Dl-branes at the wedge-shaped broken lines Aa^^a,- The broken line Aa^^ai 
is the inward half-line {0 G e*''*M>o} joined at the origin to the outward half-line {0 G 
e*"-'R>o} where the angles are distinct, aj 7^ aj, and are quantized as aj,a/ G ^p2^A:+2- 
See the left figure in Fig. 8. The Cardy brane ^j,n,s with odd s corresponds to the broken 
line Aj^ri,s where Aj^n,s=±i = Aa^,a^ = ±Aa+,a- where a± = The (untwisted) 

open string index is computed to be [22] 

I(A^r^s, A^n's') = #(^7n. H A^,^,,) = (-l)^7V^rf , (6.22) 

where N^^j^ is the level k SU (2) fusion coefficients, which are extended outside the stan- 
dard region < jg < | by N^^^^ = -NJ^^ = A^^^J'^^'^ and N~l = 0. Let us now 
compare it with the results obtained in the RCFT analysis. We see that the above result 
agrees with I{^jns, ^j'n's') given in (5.30), if we make a shift (n, s) — * (n — 1, s — 1) in 
the latter. This implies the following identification of the brane and the boundary states 

A . 

/ \ (6.23) 

Furthermore, under this correspondence, the overlaps of the boundary states and the RR 
ground states are exactly identical in the two descriptions [22] (see also Appendix F): 

JA- 

jns 



jns 



Let us now look at the parity action on the branes. Since the parity acts on the 0- 
plane by complex conjugation which inverts the phases, the A-branes are mapped under 
r as Aaj,,a, A_aj-ai- (See Fig. 8.) Since -a±{j,n) = ''''""^'+2^^'^ = «=f(j, -^), this is 
equivalent to 

T : ^i,n,s=l Aj_ri,s=-l- (6.24) 

This is in agreement with the RCFT result (5.13) under the correspondence (6.23). 

Let us next compute the parity-twisted Witten index for the open string stretched 
from Aa^^ai to rAa^^ai- The index is given by the intersection number of the deformed 
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Figure 8: D-brane transform r : ^4^^ — > A^a 



D-brane A^^^^. and the deformed orientifold plane . It is easy to see that 

-1 < tti < 71 < ttf <27r 



1 < a/ < TT < a, < 27r (6.25) 
otherwise. 



One could reduce the computation to the computation of the brane intersection number 
by using the relation #(v4~ fl = ±7^(y4^ fl tA^\ For Ajns=i, the sign here is — for 
< n < k + 2 and + for k + 2 < n < 2{k + 2). On the other hand, we know the brane 
intersection number by formula (6.22), ^(Aj^^-^^ fl tAJ^-^^) = ^(Aj^^-^^ fl _]^) = N^j~^ in 
which the extension of iV^^- outside < 73 < | is understood. Thus, we find 



n-l 
3 3 



1 < ^ < fc+2 



(fc+2)-n 



-^rf2(^j,n,l) ^j,-n,-l) — 



-^3 3 
_ „_(fc+2)-l 
3 3 

3 3 



2 — — 2 '2 

h±l + l<n<{k + 2) 



{k + 2) + ^<n< 



3{k+2) 



+ 



(6.26) 



3(fc+2) 
2 



+ i < n < 2(A; + 2) 



This is in complete agreement with (5.31) under the correspondence (6.23). As in (5.32), 
this can be concisely written as 



(6.27) 



■i3+{fc+2) 



where N^^^^ = N^l-^ in < J3 < ^ and is extended by N^l-^ = N-^^^ ^ = -A^j^,^^ 
outside that region. Yet another expression is obtained by noting that the orientifold 
plane L is equal or close to one of the branes. This leads to 



-l)^Ar- 



34ih] 



(6.28) 



83 



6.4.2 B-orientifolds 



We next consider B-parities. A B-parity should be of the form Tb^, where Tb is a holo- 
morphic map such that {tb^'Y^'^ = —0*^"'"^ plus a possible constant. We find k + 2 of them 
given by 

r|™+i : ^ e^'w^,/,, m = 0, 1, . . . , A; + 1. (6.29) 
We also find S-parities {—IY^Tb^VL with 

r|™:0^eW0, m = 0, 1, . . . , A; + 1. (6.30) 

Tb maps the chiral primary fields to e *:+2 . Comparing with the action of P§ which 
maps \j)cc to e ^+2 \j)cc, up to an ^-independent phase multiplication, we find that these 
are related as 

^2m+ip^ = T^^^+^n, a^^'PB = (-1)^«t|"^J1, (6.31) 
possibly with a uniform shift of m. 

For even k, there is no involutive B-parity, and therefore one cannot think about the 
crosscap states. For odd k there is a unique involutive B-parity, P^"*"^ = r^'^'^Vl. The 
crosscap state |P^+2^ of course consists of RR-sector states. However, it has no overlap 
with RR ground states, since |-P^^^) has to have zero R-charge but, for odd A;, there is 
simply no RR ground states with vanishing R-charge. Thus, no non-trivial computation 
can be done in the LG realization. ^ 

In the gauged WZW model, it was a non-trivial task to find anomaly-free B-parity 
symmetries. For instance, the transform X^fi was anomalous since it fiips the sign of the 
fermion path-integral measure in an odd instanton background. In the LG realization, 
it can readily be found at the level of the classical Lagrangian: The analogue of Xefi 
would be Tb^} and it fiips the sign of the fermion mass term W"{(f))ilj+ilj-. This reminds 
us of mirror symmetry where the effect of worldshcct instantons in one theory is classical 
in the mirror. In fact, in a closely related SL{2,'M.)/U{1) gauged WZW model, one can 
find a mirror transform to a LG model whose superpotcntial refiects the instanton effects 
[76]. The present observation suggests that this story may extend also to the SU{2)/U{1) 
model. In the next section, we will see among other things that parity anomalies in non- 
linear sigma models are reflected as the explicit breaking by the superpotential in the 
mirror LG models. 

^This is unlike the result of the study of B-branes, where for even k there is one B-brane with a non- 
trivial overlap with the RR ground state ||) of zero R-charge, which is computable in the LG realization 
[23]. 



84 



7 Orientifolds of Linear Sigma Models and Mirror 
Symmetry 



Linear sigma models provide a way to realize and study non-linear sigma models on 
a class of target spaces from a global view point, and allow us to find a picture of the 
moduli space of theories. In this and the next section we study parity symmetries of linear 
sigma models. We determine the conditions on the parameters for theory to be invariant 
under A- and B-type parities. The condition agrees in the large volume limit with the one 
derived from the non-linear sigma model and at the LG orbifold point to the one from the 
LG model. We also determine the corresponding parity in the mirror Landau-Ginzburg 
model. In particular, we find that the information on the parity actions on the line bundle 
Ct*b+b (which we found to be required in Section 3.3.4) has a natural counterpart in the 
mirror LG model as the type of the orientifold planes. The general results are applied in 
specific examples. 



7.1 Parity symmetry of linear sigma models 

Let us consider a (2,2) supersymmetric U{lY gauge theory with N matter fields 
$1, . . . , $iv of charge Q^, where i = 1, . . . ,N labels the matter fields and a — 1, . . . ,k 
labels the gauge group. The basic Lagrangian of the model is given by 

+ Re /" d2^^(-rE„). (7.1) 

Va in Qi-V := Yla=i Qi^a are the vector superfields, := D+D_Va are the fieldstrengths 
(twisted chiral superfields), and Ca are the gauge coupling constants (with dimension of 
mass). The measure is d^^ = d^ d^"*" for the twisted chiral superfields and are the 
complex combinations of the Fayet-Iliopoulos parameters and theta angles: 

e = r''- t9\ (7.2) 

If one can find a gauge- invariant holomorphic polynomial H^($i, . . . , $jv), one may also 
consider adding an F-term 

L2 = Rc J d2^VF($i,...,$jv). (7.3) 

With or without this additional term, the FI parameter is renormalized as r°'{iJ,') — 
^"(a*) + J2iLi K^og{iJ,'/iJ,), where 

N 
i=l 



N 



k ^ 



9 l^a 
1 
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At certain energies lower than the gauge couphngs, the system reduces to the non-hnear 
sigma model on the vacuum manifold if is in a suitable region. If the Lagrangian is 
given only by Li, the vacuum manifold is a toric manifold X determined by the symplectic 
reduction J2iLi Qi\(pi\^ = mod U{1)'^. With the additional term L2 it is a subspace of 
X determined by the equation diW = 0. In either case, it has a second cohomology group 
of rank k. With respect to an integral basis {uJa}, the Kahler class is roughly written as 
Ylt=i ^""^a and the first Chern class is given by X]a=i ^i^a- There are, however, regions 
of r", where the system reduces to Landau-Ginzburg orbifolds or some hybrid of them, 
rather than a non-linear sigma model. 

We are interested in the parity symmetries of this class of gauge systems. 
7.1.1 A- parity 

Let us consider the A-parity transformation 

$i — > VL\^i, 

This is compatible with the gauge symmetry, as can be seen from the action on the 
components {(f){x),v^{x)) —{—l)^Vn{x)), or by looking how the superfield gauge 

transformation $ e*^$, V ^ V + i{A — A) is affected. One can also check that the 
Lagrangian Li is invariant: The term J d^^$e^$ is obviously invariant. To see the rest, 
we note that the field strength transforms as 

Then, the kinetic term J d^^|Ep is also invariant. The twisted superpotential —tT, flips 
sign, but the sign is cancelled since the measure is odd under Qa- This shows the 
invariance of Li. For the potential term L2 to be invariant, however, the superpotential W 
has to obey the condition W{^i) — W{^i), that is, the coefficients of the polynomial W 
all have to be real. If the system describes a non-linear sigma model at certain energies, 
the map (pi — > 0j reduces to an antiholomorphic involution of the target space, and the 
parity corresponds to the A-parity of the non-linear sigma model associated with it. 

In the quantum theory, however, we have to see if the path-integral measure is also 
invariant. Here we encounter a possible anomaly of the type considered in the minimal 
model (and the non- linear sigma model), since the topology of any gauge field background 
is preserved under the parity we are considering, Va — > —^*Va- Following the argument 
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(7.4) 



of Section 4.2.1, we see that the fermion measure changes as follows 

— > (7.5) 

where 61 • Ci := Z]a=i ^i^i(^a) which Va is the C/(l) bundle of the a-th gauge field. 
Thus, if some of the 6" are odd, the parity symmetry is anomalous. This corresponds to 
the anomaly of an A-parity in the non-linear sigma model in the case where the target 
space is not spin, since 6" provides the first Chern class of the manifold. 

One may consider combining (7.4) with an internal action on the fields. Here we 
describe the case where this action involves a permutation of the $j's. A permutation 
$j — > ^aii) is compatible with the gauge symmetry if there is a linear transformation 
y — > y such that Qi-V — Qa{i) ■ V. Namely, it should be accompanied by an action on 
the gauge field K — > cr^Vb where is a matrix such that 

k 

Y.Q\<-Qlii)- (7.6) 
6=1 

Thus, we consider the combined transformation 

Under this, the Lagrangian Li is invariant if the Fl-theta parameters obey t^a^ = 
(mod 27riZ). In the quantum theory, because of the transformation of the path-integral 
measure (7.5), the condition for this to be a symmetry is 

iVfe" = + nibl mod 27riZ. (7.8) 

If this is not satisfied, or if there is no solution to this equation, the parity symmetry is 
anomalous. If the model has the potential term L2, there is a further condition that 

($,(,)) = W{¥^. (7.9) 

In the picture of the non-linear sigma model, (pi — > (f)a-{i) corresponds to an antiholomorphic 
diffeomorphism / of the target space. The symmetry condition (7.8) is nothing but the 
geometric condition (3.1) in the sigma model, since one can identify ci{X)°' — 6" and 
= —CT^. The latter holds because the ReSa correspond to the integral basis uja of 
H^{X), and they are transformed under the parity as 
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7.7 



while is defined as Ua f*uja = fa^^b- 

One may consider yet another modification of the parity transformation. It is to 
combine (7.4) or (7.7) with one of the U{1)^~'' torus actions, e^^'^j. This is a 

symmetry under the same condition on as before but, if there is an L2 term, under the 
modified condition on the superpotential W{e^^^^cr(i)) — W{^i). 



7.1.2 B-parity 

Let us next consider the B-parity transformation 

(7.10) 

It acts on the component fields as {(f){x),v^{x)) {4>{x), (— l)'^t'^(x)) and is compatible 
with the gauge symmetry. The field strength transforms as 



and therefore the action Li is invariant under the condition that the t"- are all real. The 
potential term L2, if it is present, is always invariant. This parity symmetry is anomaly- 
free. In the sigma model picture, this corresponds to the B-parity associated with the 
identity action on the target space. 

As before, one may also consider combining this with an internal action on the fields. 
We discuss the combination with a permutation of the fields 

(7.11) 

where we need the relation (7.6) for compatibility with the gauge symmetry. The condition 
of invariance of Li is 

t^a^^¥ mod27riZ, (7.12) 
and the condition for invariance of L2 is 

W{e''^^,^i)) = -W{^i). (7.13) 

The symmetry (7.11) is an exact symmetry of the quantum theory. In the sigma model 
picture, it corresponds to the B-parity symmetry associated with a holomorphic automor- 
phism / of the target space. The condition (7.12) is nothing but the geometric condition 
(3.2) since o"^ = /^*. The latter holds because the real part of the field strength is trans- 
formed as ReSa ci^f^gReEb while /j' is defined as the action on the integral basis of 
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7.2 Description in the mirror LG model 



The model with Lagrangian Li has a mirror description [32]. It is obtained by du- 
ahzation of the phase of the charged matter fields, taking into account the effect of the 
vortex instantons. The dualization of arg(<l>j) yields a twisted chiral superfield Yi with 
periodic identification = Yi + 2ni. The twisted superpotential of the dual theory is 

N \ N 

-Yi 



e 



a=l 



where the F-linear terms originate from the dualization and the exponential terms come 
from instanton effects. In the non-linear sigma model limit where the gauge coupling is 
taken to be large, it is appropriate to integrate out the heavy fields E^, and we are left 
with the theory of fields Y^ obeying the constraints 

N 

Q^Yi = mod 27TiZ, (7.14) 

i=l 

having the twisted superpotential 

N 



W^ = ^e-^'. (7.15) 



i=l 



Namely, the mirror is the LG model on the algebraic torus Y = [C^)^~'^ defined by (7.14) 
with the above superpotential. We study how the A- and B-parities we considered above 
are described in this mirror theory. 



7.2.1 A-parity (B-parity in LG) 

Let us consider the A-parity (7.7) of the original linear sigma model. Looking at the 
action on the charged matter fields — > f2^<I>o-(j), we expect that their dual fields are 
transformed similarly, Yi — * Q\Ycr(i). This would transform the superpotential as W ^ 
fl\W. However, we recall an important condition for unbroken symmetry: since the 
twisted F-term measure flips sign under Q^, the twisted superpotential must also flip 
sign under the transformation. The only way to make the sign of e~^' flip is to add 
ni to each fleld Y^. Thus, it can be concluded that the dual transformation of the flelds, 
required by the condition that it be a symmetry, is 

Yi^n*^Y,(^^+7ri. (7.16) 
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In addition, we should make sure that it is compatible with the constraint (7.14). Let 
us examine this. The left hand side of the constraint '^f^i QIYi — (mod 2mZ) is 
transformed to 

N N 
i=l i=l 

i,b b 

In the last step, wc have used the fact that the original fields obey the constraint. Now, 
inserting the anomaly-free condition (7.8), we infer that {a^^)l^(t^ + 7iib\) = t"- mod 27riZ. 
Thus the transformed fields indeed respect the constraint. If the condition (7.8) were 
broken, the transformation (7.16) would not be consistent with the constraint (7.14), 
or we would not be able to find a transformation such that W — fi^M/. One of 
the conclusions is that the parity anomaly, which is a non-trivial quantum effect in the 
original (linear) sigma model, is reflected in the dual theory as the explicit breaking by 
the potential term. 

We recall that one could consider the modification of A-parity using the U{1)^-^ torus 
actions. How does it affect the parity symmetry in the mirror side? As wc have discussed, 
there is no freedom to change the action (7.16) on the dual fields. In fact, the change 
appears simply in the way it acts on the winding sector. Recall that the LG field Yi takes 
values in the algebraic torus Y = (C^)^^^ with non-trivial topology iiiiY) = Z^^^, and 
the momentum in the sigma model on X associated with U{1)^^'^ symmetry is dual to 
the winding number of Y in the mirror LG model. 

A transformation of this type has been used in [77] in the application of mirror sym- 
metry to compute the space-time superpotential in Type II orientifolds on non-compact 
Galabi-Yau threefolds. We now consider some examples where the parity anomaly and 
its cancellation play important roles. 

7.2.2 Examples and applications 

Example 1. 

Let us consider the case X — CP" whose mirror is the LG model of n periodic variables 
Yi, ...,Yn with superpotential 

^ e-^i + • • • + e-^" + e-*+^i+-+^". 
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where t corresponds to the complexified Kahler class of CP". Consider the involution 

?:Yi^Yi + TTi. 

If n is odd, it flips the sign of the superpotential W — > —W and hence is a symmetry of the 
system. If n is even, it fails to flip the superpotential — the flrst n terms of W do flip but 
the last term does not. Thus, tQ is not a symmetry of the system. Note that the above 
holomorphic involution r corresponds to the antiholomorphic involution r : $j — > $j in 
the original CP" sigma model. The above trouble for even n corresponds to the anomaly 
of this A-parity. Moreover one can show that there is no way of transforming the flelds 
Yi so that W — > —W. This corresponds to the A-parity anomaly on non-spin manifolds 
with b\X) = 1. 

Example 2. 

Let us next consider the case X — CP" x CP" whose mirror is the direct sum 

n n 
i=l i=l 

Here ti and t2 correspond to the complexified Kahler class of the first and the second 
CP". Consider the involution 

T:{Y^'\Y!:^^)^{y^^^+m,Y^'^+m). 

Suppose ti = t2. Then, as in Example 1, r flips the sign of the superpotential if and only 
if n is odd. The failure in the cases where n is odd is again caused by the anomaly of the 
A-parity associated with r : {zi,Z2) (^2,^1) in CP" x CP". However, in this case, one 
can enforce a sign flip of the superpotential under the parity action by taking ti ~ 12 + 1^1. 
This corresponds to the cancellation of the anomaly by a S-field, which we have seen in 
Section 3.2. 



Application: Mirror pair of D-branes 

In Section 3.5, wc have seen that one can associate a D-branc to a parity symmetry, as 
long as the parity has a fixed point. One can use this to find the mirror pairs of D-branes. 
Let us consider the parity symmetry in Example 2. The fixed-point set is 
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In the original sigma model on X — CP" x CP", the fixed-point set is the 'skew-diagonal' 



Thus, we see that the A-brane wrapped on X'^ is mirror to the B-brane wrapped on V^. ^ 
To be precise, this is true only when the parity tQ (or equivalcntly rO) is a symmetry of 
the theory. For example let us consider the case with ti = t2 and n even. We know that rfl 
is anomalous and the D-brane wrapped on X'^ is expected to suffer from some pathology. 
This is in fact evident on the mirror side: The superpotential W is not constant on the 
fixed-point set (that is, docs not lie in one of the level sets of W), which means 
that violates the condition of A/" = 2^ supersymmetry. On the other hand, for odd n 
(with ti = ^2), lies in the level set 



and is indeed a good B-brane. For n even, can be placed in the level set 1^ = by 
taking ti = t2 + 7ii. Thus, X'^ becomes a consistent A-branc by adding a i?-ficld of period 
71 in one of the CP"'s of X = CP" x CP". This cannot be seen directly in the sigma model 
without a detailed analysis of the subtleties of the moduli space of holomorphic discs [59]. 
In the mirror description, this is evident at the classical level. 

We note that D-branes of the above type are oriented, namely, they can have non- 
trivial overlaps with the RR ground states. This is because the brane in the LG 
description is middle-dimensional [23]. 

7.2.3 B-parity (A-parity in LG) 

Let us next consider the B-parity (7.11) of the linear sigma model. The action on the 
charged matter fields $j —>■ fl*^^a-{i) indicates that it transforms the dual fields as 



This is consistent with the constraint (7.14) if the obey the reality condition (7.12), 
t'^a^ = t"- mod 2'KiZ. This is indeed a symmetry of the dual system since the superpotential 
is transformed as W ^ Q^VF. 

We recall that one could modify the B-parity using the [/(l)^"*^ torus actions. As 
in the case of A-parities, the modification will change the way the parity acts on the 

^Mirror symmetry between skew diagonal CP" and {Y^^^ = Y^"^^ + iri} was first reported to KH by 
C. Vafa. At that time (October, 2000) the reason for the necessity of a B-field difference for the even n 
case (discussed below) was not clear to them. 




W\ m (2)^^. = 




(7.17) 
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winding sector in the mirror theory and induce the mixture of the {SO vs. Sp) types of 
orientifold planes. This is a generahzation of the phenomenon that the orientifold of 
by a half-period shift is T-dual to the orientifold of the dual circle by an inversion, 
with two opposite types of orientifold points [78, 79, 30]. 

Let us examine this in more detail, in the case where the parity is associated with the 
simple complex conjugation 1^ — > Y^, which is a symmetry of the system if the are all 
real, 9"^ — Va. The fixed points of this action are Yi — Yi mod 27riZ, namely 

where pi are integers obeying X^ili QfPi — T^od 2Z. The set of points with Yi e R+nipi 
is a middle-dimensional plane R-^"'^ and will be denoted as Lp^_„pj^. There are 2^"^ such 
planes. The fixed-point set Y'^ is the union of these 2^~^ LpS. The type of the orientifold 
plane (whether it is SO or Sp ) depends on the original parity symmetry on the sigma 
model side. Let us first consider the basic parity of SO-ij^e associated with the identity 
$i — > $i of X. Its mirror should be such that all 2^"^ orientifold planes are of SO type. 
Then, they have the same orientations so that the total homology class is 

= J]L,,..,,. (7.18) 

p 

Here the orientation of all Lp's arc related by translations by Tiipi- Let us next consider 
the parity of S'O-type associated with an involution of X of the form : $j — >■ (— 
This action corresponds on the mirror side to the multiplication by 

^_-|^^«'iriH \-WNrN 

in the sector with winding number (wi, Wn) (where Wi are integers obeying ^1^=1 Qi'^i — 
mod 2Z). For such a parity action, the type of the orientifold plane Lp^ ^j^ is still S'O- 
type if {-l)P^^^+-+PNrN = 1^ but is flipped to Sp-type if (-l)pi'-i+-+pjvr;v ^ _i. Thus the 
total homology class of the orientifold plane is 

p 

Note that the involution is gauge-equivalent to the involution t^+q-a, with G Z. 
However, thanks to the condition J2iLi QiPi = mod 2, the gauge equivalent replacement 
r ^ r + Q ■ X does not alter the type (— i)Pi'i+ -+Pivrjv Qf ^j^g orientifold plane Lp-^,„p^. 

Actually, the parity associated with 1^ is a symmetry as long as = t" mod 

27riZ. The theta angle (or 5-field) 0"' only has to be in ttZ and does not have to vanish. 
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The above story can be applied also to the case with non-zero 6"'. An important difference 
appears however in the constraint on pj — the Pi must still be integers but obey a different 
constraint 

^ 0" 

QIp^ = mod 2Z. 

^ TT 

This causes an apparent trouble. Under the gauge equivalent replacement ^ r j + Q°:\a 
(Aq G Z), the type (— ^PiViv of the orientifold plane Lp-^ p^^ changes by a factor 
g«e"Aa^ However, rather than being a trouble, it is consistent with the observation we 
made in the study of parity symmetry in non-linear sigma models with non-zero 5-field. 
The observation was: In addition to the geometric action r : X — > X, we have to specify 
the parity action on the line bundle Cr*B+B with first Chern class {r*B + B)/27i. In the 
present case, t*B = B and the bundle is C2B with first Chern class B/n. We propose 
that different choices of rj within a fixed gauge equivalence class correspond to different 
choices of the parity action on €23 if they arc different in the numbers (— 1)pi'i-i i-pnvn _ 
In fact, the field $j may be regarded as a section of a line bundle Ci = ®a^a^ where 
LOa = ci(£a) are basis elements of H'^{X, Z) = "L®^ . The bundle Lib has first Chern class 
c\{C2b) = Yla=i^aOa/TT- Let US choosc pi (from the same mod 2 integer class) so that 
Z^ili QiPi = —O'^/n holds exactly (i.e. not just mod 2). Then we find 



i,a a a=l 



Namely, ^iC~^" = C2b- Thus, Yl - can be regarded as the section of the bundle £25- 
The (rj), which determine the numbers (— i-PiVjv^ thus specify the parity action of 
the bundle €23- In other words, the information of the pair (r,. : X ^ X,Tr : C2B ^23) 
is mapped under mirror symmetry to the information of the type of the orientifold planes 

We illustrate these rules in the example oi X — CP^. 



7.2.4 Example: B-pcirities of CP^ and their mirrors 

For X = CP^ there are two possible geometric actions of the above type. One is the 
identity, and the other is the rotation by vr along the f/(l)-fibrc, R : $i/$2 — $i/$2- 
Also, there are two possible values of the theta angle ^ = and 6 = tt. The mirror is the 
sine- Gordon model with superpotential 
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The parity action on the dual field is the complex conjugation Y ^ Y which is a symmetry 
if ^ = 0, TT. The fixed-point set consists of Lq = {Y G M} and Li = {Y G M + ni}. They 
are respectively Lqo and Ln if ^ = or Lqi and Lio ii 6 = it, in the notation of the above 
general discussion. We compute the parity-twisted Witten index in both sigma model 
and LG model and compare the results. 

We recall that the cohomology of X = CP^ is generated by 1 G //°(CP^) and H G 
if^(CP^) with Jj,pi H — 1. We discuss the cases of ^ = and 9 — n separately. 



Let us first consider the basic parity Q (r = id). This maps the bundle 0{n) to 0{—n). 
The fixed-point set is CP^ itself and hence the normal bundle is zero. The characteristic 
classes relevant to the computation of the index are L(CP^) = and td(CP^) — 1 + H — 
. We then find 

In = 0, (7.20) 
ln{0{n),0{-n))^ [ e-'"^e^ = l-2n. (7.21) 

Let us next consider the parity RQ associated with the vr-rotation. This also maps 0{n) 
to 0{—n). The fixed-point set consists of two points, say, the north pole N and south 
pole S. The normal bundle is real two dimensional (complex one-dimensional) and hence 
e(A^(N)) = e(A^(S)) = and ch(AiVN) = ch(AiVs) = 2. This yields 

Im = 0, (7.22) 



lnn{0{n), 0{-n)) = / e"^"^^ = \^\ = ^- 



(7.23) 



According to the above discussion, the orientifold planes on the mirror side are 



r~^ = Lo + Li, (7.24) 
Y^ = Lo- Li. (7.25) 

We also know that the mirror of O{0) is the same as Lq and the mirror of 0{ri) is 
topologically 

7o(n) ^ Lo + n7o, (7.26) 

where 70 (the mirror of the 0-brane) is a circle that winds once around the y-cylinder 
(See Fig. 9). Under the parity action y — > y, it is mapped to Lq — njo which is indeed the 
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Figure 9: Orientifold planes {Lq and Li) and the mirror of the DO-brane (70). Their 
images under the superpotential W are also depicted. 

mirror of 0{—n). The Witten index is obtained by taking the intersection numbers. We 
recall that the intersection of Ci and C2 is defined as 7^(Cf fl C^) where Cf is obtained 
from Ci by moving the asymptotes toward the region B±. It is visible in Fig. 9 that 

#(LonLo+) = l; #(LrnL+) = -l; 

n L+) = if ^ ^ j; #(7o n U) = -1. 



Using these, we find 

i-n = ^y'^r n (Y^Y) = 1-1 = 0, 



(7.27) 



/n(7a(n), 7o{-n)) = #(7o(„) n (Y'Y) = 1 + n{-l) + n{-l) = 1 - 2n, (7.28) 
which reproduces (7.20), (7.21), and 

= MiY^r n (F^)+) = 1-1 = 0, (7.29) 

/5^(70(n),70(-n)) = #(7o(n) ^ (>^^) + ) = 1 +^(-1) - ^(-1) = 1. (7.30) 

which reproduces (7.22), (7.23). 
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We now consider the case with a non-zero theta angle 6 = n. This corresponds to turning 
on the i?-field B = nH. For all holomorphic involutions r, the twist bundle Cr*B+B has 
first Chern class B/tt = H and hence it is 0{1). Thus, the parity transforms the bundles 

as 



rn : 0{n) — > 0{n) ® Cr*B+B = 0{1 - n). (7.31) 

The parities to be considered are r^^.^j that acts on the sections $i and $2 of Cr*B+B = 
0(1) as ($i,$2) i~> (-1)''2$2). Too and Tu project to the identity map of CP^ 

while Tio and tqi project to the 7r-rotation R : CP^ CP^. The sign function at the 
fixed-point set is 



^B 



^B 




where we assumed that N and S are loci of $1 = and $2 = respectively. It is 
straightforward to compute the index. 

Iroon = 0, (7.32) 
IrMO{n),0{l-n))= I e-2"^£2°e-^e^ = 2-2n. (7.33) 

For TiiQ the opposite sign occurs. Also, 

/noa = 0, (7.34) 

For Toiil the sign is opposite and hence the same. By the general discussion, the orientifold 
planes in the mirror are 

= Lo + Li, (7.36) 
= Lo - Li, (7.37) 

and y^ii = -Lo-Li and F^oi = -Lq+Li. The mirror of 0(0) and 0{1) are the wavefront 
trajectories originating in the two critical points Y — r/2 — 7ri/2 and Y — r/2 + 7ri/2 
respectively. They are depicted as 7a and 7;, in Fig. 10 They are homologically related as 
76 = 7a + 7o- The mirror of the other bundles are homologically 

7o(n) = 7a + ^70. (7.38) 
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B_ B_ 
























1 



Figure 10: Orientifold planes (Lq and Li) and the mirror of 0(0) (7^) and or 0(1) (7f,). 
Notice that the location of and B_ have changed from the previous case ^ = 0. 



Under the parity action F y, 7^ and 76 = 7a + 70 are exchanged while 70 is reversed. 
Thus 7c)(n) = 7a + ^7o is mapped to 7^ — n7o = 7a + (1 — 72)70 which is indeed the mirror 
of 0{1 — n). To compute the intersection numbers, we note the following 

#(L7nL+) = Vz, Vj; 

#(7a"nL+) = l ^ = 0,1; #(7-nL,) = -l. 

Using these, we find 

^.^n = my~'''r n (r^-)+) = 0, (7.39) 
^.^n(7o{n),7a{i-n)) = #(7a(„) n (F™)+) = 1 + 1 + n(-l) + n(-l) = 2 - 2n,(7.40) 

which reproduces (7.32), (7.33), and 

K-^n = n (F-«)+) = 0, (7.41) 

Ir^nilo(n).loii-n)) = #(7o(„) H (r-')^) = 1 - 1 + r^(-l) - n(-l) = 0, (7.42) 
which reproduces (7.34), (7.35). 
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8 Orientifolds of Compact Calabi— Yau: A First Step 



In this section, we initiate the discussion of orientifolds of compact Calabi- Yau man- 
ifolds, which are of vital phenomenological relevance. This is a first step and full detail 
must be clarified in future works. However, the considerations using linear sigma models 
and mirror symmetry already provide a basic global picture and directions to proceed. 

8.1 LSM for compact CY and parity symmetry 

Let us consider the U{1) gauge theory with matter fields P, $i,...,$Ar of charge 
—N, having the term L2 with gauge invariant superpotential 

where G{^i) is a polynomial of degree A^. In this system, the FI parameter r does not 
run and is a parameter of the theory. At large positive r, the model corresponds to the 
non-linear sigma model on the degree hypersurface of CP^~^ defined by the equation 
G{zi, Zn) = for the homogeneous coordinates Zi, which is a Calabi- Yau manifold 
of dimension (A^ ~ 2). At large negative r, p acquires a fixed value (p) and the model 
corresponds to a LG orbifold — the LG model with superpotential W = {p)G{^i, 
modded out by the Zat action generated by $j — >■ e^$i. The worldsheet theory is 
singular exactly at one point 

t^U:^N\og(-N) log N + niN. (8.1) 

The moduli space of the complexified Kahler class t has three notable points — the 
large- volume limit (r = +00), the conifold point (t = t*), and the LG orbifold point or 
equivalently the Gepner point (r = —00). The moduli space is connected and the theory 
is singular only at the conifold point. The moduli space of complex structure is a complex 
space of complex dimension {^^~^) — N"^ + Sn,4- 

The model has a mirror description, which is the non-linear sigma model on the degree 
A^-hypersurface in CP^"''" 

modded out by the orbifold group {'Lj^)^~'^ acting as % cUiZi, where cuf^ = ui - ■ ■ un = 1- 
At the singular point t = t^., the mirror manifold has a conifold singularity at ij = 1. It 
has one complex structure modulus e* and i^^Zi) ~ + ^Af,4 Kahler moduli coming 
from the Kahler class of CP^~^ and the resolutions of the orbifold singularities. The 
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mirror may also be described as the LG orbifold with supcrpotential W = G{^i) and 
orbifold group — > a;j$j. This mirror can be found by using the duahzation 
arg($i) Yi followed by the change of variables e~^» ~ [32]. 

Let us study the parity symmetries of this system. We will consider A-parity and 
B-parity separately. 

8.1.1 A-peirity (B-pcirity of mirror) 

The transformation 

p^n^, v^q*^v (8.2) 

yields an A-parity that is an exact symmetry of the system if G{zi) is a polynomial 
obeying G{'z^) — G{zi). Note that there is no anomaly since the sum of the charges is 

zero —N + H 1-1 = (and hence even), or equivalently, since M is Calabi-Yau (and 

hence spin). There is no condition on the complexified Kahler modulus, but the complex 
structure moduli are reduced by the constraint G{za{i)) — G{zi). The reduction is by 
one-half if a is an involution. 

Following the duahty transformation and change of variables, we find that the corre- 
sponding parity in the mirror side (in the LG description) is of the form 

^ e^^/^Q:4$,(,), (8.3) 

where the phase is chosen uniquely by the requirement that the superpotential be flipped 
W — » —Vt*j<y/ . In the geometric description of the mirror, the parity is simply the one 
associated with the holomorphic map li — > io-(j) of the mirror CY manifold. 

If the defining polynomial obeys G{ e^^'Za-(i)) = e^^^''G{zi), then wc have a parity 
symmetry given by (8.2), combined with the torus action P — > e*^^P, <I>i e*^'<I>j. In 
this case, the parity action on the mirror LG fields is still given by (8.3), but a difference 
appears in the action on the twisted sector states. In the geometric picture, this will 
change the type of orientifold planes, just as in [77]. 

8.1.2 B-pcirity (A-peirity of the mirror) 

The transformation 

p^-n%p, v^n*sV (8.4) 
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Figure 11: Kahler moduli space for a B-orientifold of the quintic 



yields a B-parity. It is an exact symmetry of the system if the defining polynomial is 
invariant under the permutation G{Z(r(i)) = G{zi) and also if the Fl-theta parameter t 
obeys t = t mod 2niZ, namely 

lmi = or ni. (8.5) 

Thus, there is a holomorphic constraint on the complex structure moduli, and the com- 
plexified Kahler modulus is reduced by a half — one real dimension. The reduced moduli 
space Imt G niZ passes directly through the singular point t^, = N log + niN. Thus, 
the real moduli space of the worldsheet theory is separated at t = t*. It has two parts — 
one includes the large-volume limit with trivial i?-field and the other includes the large 
volume limit with a 5-field of period vr. The LG orbifold point (Gepner point) belongs 
to one of them and is separated from the other. Note that the analytic continuation in 
the t-space to go around the singular point t = [31, 80] is not applicable here since the 
orientifold forbids us to continuously change the 9 angle. Figure 11 depicts the restriction 
of the Kahler moduli by the B-parity in the case of = 5, the quintic hypersurface in 
CP^ which will be discussed in some detail below (together with the A-parities).^ 

^We thank M. Douglas for pointing out an error in the identification of the value of the B-field at 
the two large volume regions. The relation of the B-field and the theta angle is shifted by Nit when the 
P-field is integrated [81]. 
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8.2 The case of the quint ic 

Let us consider the case = 5, quintic hypersurfaces M in CP'^ We classify the 
involutive parity symmetries that are present in the Fermat-type hypersurfaces: 

zl + zl + zl + zl + zl^ 0. 

Without orientifold, there is one complexified Kahler modulus parametrized by a function 
of t, and 101 complex structure moduli. The latter is the number of monomials (^) = 126 
minus the dimension 5^ = 25 of the group GL[5, C) of coordinate transformations. The 
mirror is the resolution of the orbifold of 

zl + ^+^ + zl + zl+ e^^^ZiZ2Z3Z4Z5 = 0. 

by the Z| action Zi — > cUiZi, lo\ — LO\L02'jJ-iijJ/4'jJf, — 1, cui = ujuji [82]. Without orientifold, 
there are 101 complexified Kahler moduh and one complex structure modulus e*. 101 
comes from the 1 + 100 harmonic two-forms where the extra 100 is counted at the orbifold 
point as follows. Note that there are ten Z5 x Z5 invariant points (points of the form 
(0,0,0,1,-1)). At each point there are 6 localized blow-up modes of a C^/Zs x Z5 
singularity. For some pairs of Z5 x Z5 invariant points, there is a curve of C^/Zs singularity, 
which carry 4 blow-up modes. There are ten such pairs. Thus, in total, there are 10 x 
6 10 X 4 = 100 blow-up modes. 

8.2.1 A-pcirities 

We start with the A-parities. In all cases, the 101 complex structure moduli are reduced 
to one half (101 real ones), but the Kahler moduli space remains the same. 

The simplest A-parity is associated with the complex conjugation ta'- 11. (This 
example was also studied in [83].) The fixed-point set is the real quintic which is a (3- 
dimensional) submanifold of the quintic defined by Zi G M. To find its topology, let us 
consider the map M CP^ obtained by forgetting the last coordinate z^. It maps the real 
quintic M'^^ homeomorphically onto the real locus of CP^, namely MP^. This is because 
any real number has a unique real 5-th root, = \/—x1 — x\ — — x\, and 'taking the 
5-th root' defines a continuous map M — > M. Thus, the real quintic has the topology of a 
real projective space MPl On the mirror side, this maps to the B-parity associated with 
the identity : Ej 1^ ij, whose fixed-point set is the mirror quintic itself (6-dimensional). 
One may consider a modification of ta of the form Zi ^ c^^'li, which is a symmetry if 
gSi^i jg independent of i. But this is simply the complex conjugation with respect to the 
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coordinate z'^ = e ^^"-^"^Zi. Thus, there is no essential difference. This will be the same for 
the rest of the cases as well, and hence will not be mentioned. 

Next, we consider the A-parity associated with : {zi, Z2, Z3, Z4, Z5) 1— > {z2, zi, z^, zl, zE). 
The T^^-fixed-point set is the (3-dimensional) submanifold defined by Z2 — zi, Zi & W 
{i — 3,4,5). Using the 2;5-forgetting map M — > CP^, we find that it has the topol- 
ogy of ]RP^. This corresponds to the B-parity of the mirror associated with the holo- 
morphic involution : (ii, ^2, ^a, 54, is) 1— > (^2, Si, is, 24, is)- The fixed-point set is a 
point {(1, —1, 0, 0, 0)} (0-dimensional) and a complex hypersurface {{z, z, Z3, Z4, z^))} (4- 
dimensional) . 

The final A-parity is the one associated with r^^'^* : {zi, Z2, Z3, z^, z^) 1— > {z2, zi, Z4, z^, zE) ■ 
The fixed-point set is the (3-dimensional) submanifold defined by Z2 — zijZ^ — 'Z3, 
Z5 e ]R. Using the 2;5-forgetting map M — > CP^, we again find that it has a topol- 

o 34 

ogy of ]RP . This corresponds to the B-parity of the mirror associated with r^' : 
(5i, S2, Z3, S4, Z5) I— > (S2, ii, Z4, is, Z5). The fixed-point set is a line {{z, —z, w, —w, 0)} and 
a curve {{z,z,w,w,u}} (both 2-dimensional) . 

8.2.2 B-parities 

We now consider B-parities. In all the cases, the complexified Kahler modulus (complex) 
is reduced to a real one, Imt & iriZ. The reduction of the complex structure moduli is 
holomorphic and depends on the particular case. 

The basic B-parity is associated with the identity tb Zi ^ Zi. The fixed-point set is 
the quintic itself (6-dimensional). All the complex 101 complex structure moduli survive. 
In the mirror description, this corresponds to the A-parity associated with the complex 
conjugation : 1— > Fj. The fixed-point set is the real locus ij e M (3-dimensional). One 
may consider modifying tb by a phase multiplication. For Zi 1— > e^^'Zj to be a symmetry, 
gSi^i jn^g^ i-)g i independent, and for this to be an involution, e^*^' must be i-independent. 
This requires e'^* = gSiS^j- g2i6'ij2 -^^ i-independent. Namely, e*^' are all the same and 
the transformation is a part of the U{1) gauge symmetry. The 'modification' had no 
effect. (It turns out that this is the same for the rest of the cases, and hence will not be 
mentioned.) 

Next, we consider the B-parity associated with Tb {zi, Z2, zs, Z4, z^) 1— > {z2, zi, zs, Z4, z^). 
Let us count the number of complex structure moduli. The polynomial G{zi) must be 
invariant under the exchange of Zi and Z2- Monomials that are invariant under zi <-> Z2 
are of the form {Z1Z2)"' z^zlz'^ and there are 34 of them. Prom the rest, 126 — 34 = 92, 
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a half (46 of them) is invariant. Thus, invariant polynomials can have 46 + 34 = 80 
terms. Coordinate transformations commuting with the exchange Zi ^ Z2 form a sub- 
group of GL{^,G) of dimension 17. Thus, the number of complex structure moduli is 
80 — 17 = 63. The fixed-point set is the point {(1, —1,0,0,0)} (0-dimensional) and the 
hypersurface {(2;, 2, 23, 24, 2:5)} (4-dimensional). The mirror description of this parity is 
associated with t^^ : (i'l, 23, 24, 25) ^ (22, ii, 23, i4, 25). The complexified Kahler mod- 
uli correspond to r^'^-anti-invariant harmonic (1, 1) forms, by the condition (3.1). Let us 
count the number at the orbifold point. We recall that the 101 consists of 1 'bulk' modu- 
lus, 10x4 moduli of the resolution of C^/Zs sigularity along ten curves, and 10 x 6 moduli 
of the isolated resolution of ten C^/Zs x Z5 singularity. Since r = t^^ is antiholomorphic, 
1 from the bulk remains (subtotal 1). Out of the ten Z5 curves, six of them (three pairs) 
are exchanged by r while four of them are r-invariant. Out of 6 x 4 from the three pairs, 
a half of them are r-anti-invariant (12). r acts non-trivially on three of the four invariant 
curves, and all of the 3x4 remain (12). r acts identically on the last invariant curve 
{(0, 0, *, *, *)} exchanging the four exceptional curves (two pairs) of the C^/Zs resolution, 
leaving half of 4 (2). Among the ten Z5 x Z5 points, six of them (three pairs) are ex- 
changed by T while four of them are r-invariant. Out of the 6x6 from the three pairs, 
a half of them are r-anti-invariant (18). r acts near three of the four invariant points as 
{zi, Z2, Z3) — > (^2,^1,^3) in C^/Zs X Z5. One can show by an orbifold analysis that there 
are 4 anti-invariant modulus at each such singularity, thus total of 3 x 4 (12). Near the 
last invariant point (1, —1,0,0,0), r acts as {zi,Z2,Z3) — > (^1,^2,^3) in C^/^s x Z5, and 
all moduh remain (6). The total number of moduh is 1 -M2 -M2 2 -M8 -M2 6 = 63, 
in agreement with the number of complex moduli of the original side. The fixed-point set 
is the (3-dimensional) submanifold defined by Z2 — ii and ij e IR (i = 3, 4, 5). 

The final B-parity is associated with t^^'^* : {zi, Z2, Z3, Z4, z^) ^ {z2, Zi, Z4, z^, z^). Let 
us count the number of complex structure moduli. Monomials that are invariant un- 
der zi <-> Z2, Z3 <-> 2:4 are of the form {z\Z2)°'{z-iZ/^^ z'l and there are 6 of them. Thus, 
the invariant polynomials can have -|- 6 = 66 terms. The group of coordinate 

transformation has dimension 13. Thus, the number of complex structure moduli is 
66 — 13 = 53. The fixed-point set is the line {(2;, — 2;, — ^,0)} and the genus 6 curve 
{(2;, 2;, w, It)} (both 2-dimensional) . On the mirror side, the parity is the one associ- 
ated with r^^'^* : (Si, 52, ^a, 54, is) 1— > (52, 5i, 54, Sa, 55). The complexified Kahler moduli 
correspond to r^^'**-anti-invariant harmonic (1, 1) forms. Counting as in the case of r^^- 
anti-invariants, the number of moduli is 1 -|- 16 -|- 4 -|- 24 -|- 8 = 53, again in agreement 
with the original side. The fixed-point set is the (3-dimensional) submanifold defined by 
52 = 5i, 54 = 53, and 5i e M (i = 3, 4, 5). 
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Table 1: Orientifolds of Quintic and their Mirrors 



quint ic M 


mirror quintic M 


(IclOlc) 


(lOlclc) 


T~A '■ Zi > Zi 


tb '■ Zi ^ Zi 


(1c,101m) 


(101r,1c) 


06 at the real quintic (MP^) 


09 at M 


'• {Zi, Z2, Z3, Z4,, Z^) — >■ (^2,^1,^3,^4,2:5) 


Tb '■ (^1,^2,^3,^4,^5) (^2,^1,^3,^4,^5) 


(1c,101m) 


(101m, Ic) 


06 at RP^ = {{z,z,xs,X4,X5)\xi e R} 


03 at {(1,-1,0,0,0)} 
07 at {(2;, 2;, 2:3, 2:4, 2:5)} 


12.34 / N / N 

: [Zi, Z2, Z3, Zi, z^j — >■ [Z2, Zi, Z4, Z3, z^) 


: (2:1,^2,^3,^4,^5) ~^ (^2,^1,^4,^3,^5) 


(1c,101r) 


(101r,1c) 


06 at RP^ = {{z,z,w,w,x)\x e R} 


05 at {(F, —z, w, —w, 0)} 
05 at {{z, z,w,w,u)} 


Tfi : 2;^ — > 2;^ 


TA '■ Zi > Zi 


(1m, 101c) 


(101c, 1m) 


09 at M 


(36 at real (juiiitic- 


Tg : {Zi, Z2, Z3, Z4, Z^) — > {Z2, Zi, Zs, Z4, Z5) 


T4 : {zi, Z2, 2:3, Z4, 2:5) — > (2:2, 2:1, 2:3, Z4, 2:5) 


(Ik, 63c) 


(63c, 1m) 


03 at {(1,-1,0,0,0)} 


06 at {{z, z,xs,X4,X5)\xi e R} 


07 at {{z,Z,Z3,Z4,Z5)} 




' ■ {Zi, Z2, Z3, Z4, Z5) — > {Z2, Zi, Z4, Z3, Z5) 


T4 ' : (2:1, 2:2, 2:3, Z4, Z5) — > (2:2, Zi, Z4, Zs, Z5) 


(1m, 53c) 


(53c, 1m) 


05 at {{z, —z,w, —w,0)} (line) 


06 at {{z, z,w,w,x)\x e R} 


05 at {{z, z,w,w, Z5)} (genus 6) 
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8.2.3 Summciry and remEirks 

The results are summarized in Table 1. The left column and the right column are mirror of 
each other. The number {n, m) in each column means that there are n complexified Kahler 
moduli and m complex structure moduli. The subscript r or c shows that the moduli 
is real or complex. We have in mind to embed these orientifolds in Type II superstring 
theory on CY'^ x]R^+^ in which the parity acts trivially on the 3+1 dimensional Minkowski- 
coordinates. Thus, the fixed-point sets of dimension p are called orientifold (p + 3)-planes, 
or simply 0(p + 3). 

We have not determined the types of the orientifold planes. In the large volume limit, 
each orientifold plane can be of several types — roughly two types, SO or Sp. We have 
not determined which combinations of the types arc possible and how they are related 
by mirror symmetry. This will be determined, for example, by going to the Gepner point 
at which an exact construction of the crosscap states is now available as an application 
of the construction in Section 4 (see [45,46] for existing results on Type I strings on 
Calabi-Yaus) . Also, for a consistent compactification in string theory, we need to cancel 
the tadpole generated by the 0-planes by, say, including D-branes. This too can be done 
once we know the types of the orientifold planes. This will be carried out in a future 
publication. 

8.3 Spacetime picture 

So far, we have been studying the theory on the string worldsheet with a focus on the 
parity symmetries that commute with halves of the (2, 2) worldsheet supersymmetry. In 
the full string theory, more emphasis is put on the spacetime physics, especially when we 
consider Type II orientifolds of the form x M^+^/r, where r is an involution of 
and acts trivially on the Minkowski coordinates. There are several important issues, one 
of which is tadpole cancellation mentioned above. Here we comment on three others — 
supersymmetry, massless fields, and superpotential (all in the sense of the 3+1 dimensional 
spacetime) . In what follows, M is a general simply connected Calabi-Yau 3-fold with an 
involution r. We note that the number of moduli of complexified Kahler class and complex 
structures of M (before orientifolding) are 

dmicH^'\M) =■ h^'\ 

dime H\M,Tm) = dimcii'^'^(M) =: h^'K 

It is useful to bear in mind the example of the quintic and the six involutions in Table 1. 
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8.3.1 Spacetime supersymmetry 

We have seen that tQ preserves an A/" = 2 worldsheet supersymmetry if r : M ^ M is 
an antiholomorphic involution (A-parity) a holomorphic involution (B-parity). However, 
not all of them preserve a spacetime supersymmetry, that is. A/" = 1 supersymmetry in 
3 + 1 dimensions. There is no extra condition on B-parities, but the orientifold by an 
A-parity preserves a spacetime supersymmetry only if r maps the holomorphic three-form 
f2 to its complex conjugate with a possible constant phase, T*f2 — e^^f2. For the quintic, 
all the three A-parities in fact satisfy this constraint. Let us consider the Fermat type 
quintic. Using the inhomogeneous coordinates at the patch, Q = Zi/z^ obeying 
Z]i=i(Ci)^ -1-1 = 0, the holomorphic three-form is expressed as i7 = dCi A dC2 A dCs/ (C4)^ ~ 
—d(i A dC2 A 6.(4/ (Cs)^- Then it is easy to see that 

rXn = 72, r^*f2 = -72, T^'''*f2 = 72. 

For the corresponding mirror involutions, we find 

r*Bf2 = f2, TB*n = -n, tb'^^^q = n. 

Note that the signs on the right hand sides have an invariant meaning for B-parities. It 
is -|-1 for orientifolds with 09/05-planes and it is —1 for those with 07/03-planes [77]. 

8.3.2 Light fields 

Moduli of the worldsheet theory give rise to massless scalar fields in the 3 + 1 dimensional 
spacetime. We have seen that the moduli compatible with parity symmetry can be real — 
orientifolds by a B-parity (resp. A-parity) reduce the complexified Kahler moduli (resp. 
complex structure moduli) by a real constraint. For example, see Fig. 11, which depicts 
the Kahler moduli constrained by a real condition. Thus, they give rise to real massless 
scalar fields in 3 + 1 dimensions. However, in the full string theory, these real fields are 
paired with real fields from RR gauge potentials, and they form complex fields, or chiral 
superfields together with their fermionic superpartners. 

To see the detail, let us recall how the NSNS and RR fields transform under the parity 
symmetry. The NSNS fields, dilaton-gravity-i?-field {4>,g,B), are always transformed as 

0^r>, g^T*g, B^-t*B. 

Transformation of the RR fields depends on the type of the involution. Let r = 2p be the 



107 



inversion of (9 — p)-coordinates. ^ Type IIB RR fields are transformed by the parity as 



p = 9,5,l: 

and for Type IIA, 

p = 8,4,0 



A 

Ao - 


^ -T*Ao 










At- 


-r*At, 




Ai- 






^- 


-r*As, 





^0- 


^r*Ao 


A2- 


^ -r*A2 


At- 


- T*At, 



As ^ T*As. 



It is also useful to recall the massless spectrum before oricntifolding where the spacetime 
theory has J\f — 2 supersymmetry, given in Table 2 (see for example [84]). In Type 



Table 2: Massless Fields in jV = 2 Compactifications 





hypermultiplets 


vector multiplets 


IIA 


/i^.i + 1 




IIB 


/i^'i + 1 





IIA, there are h^'^ vector multiplets from the complexified Kahler moduli and A3 reduced 
on H^'^{M), h?'^ hypermultiplets from the complex structure moduli and A3 reduced on 
H'^'^{M) ® i7^'2(M), and one hypermultiplct from (0, B) and A3 reduced on H^'^{M) ® 
H^'^[M), and a gravity multiplet from {g, Ai). In Type IIB, there are /i^'^ vector multiplets 
from the complex structure moduli and A^ reduced on i/^'^(M)©if^'^(M), h^'^ hypermul- 
tiplets from the complexified Kahler moduli and {A2, A^) reduced on (if ^'^(M), i7^'^(M)), 
one hypermultiplct from (0, -B) and (^0,^2), and a gravity multiplet from g and A^ re- 
duced on H^'^{M) © H^'^{M). In terms of the M = 1 supersymmetry, an A/" = 2 vector 
multiplet splits into a vector and a chiral multiplets while a hypermultiplct splits into 
two chiral multiplets. We would like to see which of them survive and which of them are 
projected out by the orientifolds. 

The involution r induces an involution on the space of Harmonic forms by 77 ^ T*r]. 
We denote by and H*_ the subspaces of H*{M) consisting of r*-invariant and r*- 
anti-invariant forms. We also use i?^'^ when applicable, and denote its dimension by 



"'^As is well-known, in Type II superstring theory, the involutivc parity symmetry giving rise to the 
BPS Op-planc is of the form Xpfl for p = 9, 8, 5, 4, 1, and (-l)^^2pfi for p = 8, 7, 6, 3, 2 where (-1)^^ is 
— 1 on the left-moving Ramond sector, p is even for Type IIA and odd for Type IIB. 
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Type IIA orientifolds 

Let us first consider Type IIA orientifold associated with an antiholomorphic involution 
r (such that T*f2 = const x O). Since r fiips 3 real coordinates of M, it is of the type 
p = 6, and therefore the RR fields are transformed as Ai —r*Ai and A^ t*A3. The 
moduli space of complex structure is reduced to a half by the orientifold and thus has 
real dimension /i^'^. The moduli space of complexified the Kahler class is reduced by the 
constraint (3.1). The reduced moduli space has complex dimension hb.^, the dimension of 
the space H^^ of r-anti-invariant harmonic (1, l)-forms. 

The surviving fields out of the h^'^ (A/" = 2) vector multiplets are hh^ {Af = 1) 
chiral multiplets from the complexified Kahler moduli and /i^^ (A/" = 1) vector multiplets 
from As reduced on r-invariant harmonic 2-forms. Let us next see which of the /i^'^ 
hypermultiplet fields survives. We find /i^'^ real scalars from the complex structure moduli. 
We also find h"^'^ real scalars from A3 reduced on the r* = 1 subspace of H^'^{M) © 
if^'^(M). Note that r, being antiholomorphic, exchanges H^''^{M) and H'^'^{M) and 
hence r* = 1 (or r* = -1) on half of Hp^%M) © H1'P{M) if p q. They combine into 
complex scalars in h^'^ chiral multiplets. From the hypermultiplet including the dilaton, 
we find one chiral multiplet whose lowest component consists of the dilaton and A^, reduced 
on the T* = 1 subspace of H^'°{M) © H^'^{M). The Af ^ 2 gravity multiplet is projected 
to a jV' = 1 gravity multiplet. 

Type IIB orientifolds with 09 or 05-planes 

Let us next consider Type IIB orientifold associated with a holomorphic involution r of 
the type p = 9 or p = 5 (such as tb and r^^'^* in the quintic case). The RR fields are 
transformed as Aq ^ —t*Aq, A2 r*A2, A^ —r*A2. The holomorphic 3-form f2 is 
preserved by r, r*i7 = i7. The moduh space of the complexified Kahler class is reduced 
to a half and has real dimension h^'^. The complex structure deformations are generated 
by the T = 1 subspace of H^{M,Tm). Since the isomorphism H^{M,Tm) = H'^'^{M) 
is given by contraction with Q and since Q is r*-invariant, we see that the deformation 

2 1 2 1 

space is isomorphic to . Thus, the complex structure moduli are reduced to /i+ . 
Out of the /i^'^ J\f — 2 vector multiplet, we find h^^ chiral multiplets from the complex 

2 1 -4- 2 1 12 

structure moduli and /ij vector multiplets from A'l reduced on Hj © Hj . Let us next 
see which of the h^'^ hypermultiplet fields are unprojected. First, we find h^'^ real scalars 
from the reduced Kahler moduli. We also find real scalars from A2 reduced on r-invariant 
harmonic 2-forms and from A'l reduced on r-anti-invariant harmonic 4-forms. Since r 
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preserves the orientation and the metric of M, r* commutes with the Hodge *-operator 
which in particular sends H^'^(M) to i7^'^(M). We thus find i?^'^ is isomorphic to H^^ 
by the *-operation. This means that 

dim(if^'^ © H^J) = dim{Hb^ © if^'^) = h^'\ 

Thus, the RR potentials A2 and A'l reduce to h^'^ real scalars. They combine with the 
real massless scalars from the Kahler moduli and form h^'^ chiral multiplet fields. Next, 
the single hypermultiplet including the dilaton is projected to a single chiral multiplet 
consisting of the dilaton and the dual of A2, plus fermions. Finally, the M = 2 gravity 
multiplet projects to an jV = 1 gravity multiplet {A'l reduced on H^''^{M) © H'^'^{M) is 
projected out since A4 — > —t*A'1 and T*f2 — f2). 

Type IIB orientifolds with 07 and/or 03-planes 

Finally, let us consider Type IIB orientifolds associated with a holomorphic involution 
T of the type p = 7 and/or p = 3 (such as in the quintic case). The RR fields are 
transformed as Aq — t*Ao, A2 —t*A2, A^ — t*A'1, and r* flips the sign of the 
holomorphic 3-form f2. The moduli space of Kahler class has real dimension h^'^. The 
complex structure deformation are generated by the r = 1 subspace of H^[M,Tm), as 
in the previous case but that is isomorphic to H^^ in this case since t*Q = —f2. Thus, 
there are /i^^ complex structure moduli. 

m • 2 1 

The counting of unprojected fields proceeds as before. We find chiral multiplets 
(complex structure moduli), h^^ vector multiplets {A^ reduced on iJ^'^ ©i/^'^), h^'^ chiral 
multiplets (real Kahler moduli plus real fields from {A2, A'l) reduced on {H^^, H"^"^)), one 
chiral multiplet (0, Aq), and a gravity multiplet (A4 reduced on H^'^{M) © H^'^{M) is 
projected out since A^ t*AI and T*f2 = —Q). 

To summarize, we list in Table 3 the number of light M —1 supermultiplets. Table 4 
shows the numbers for the six orientifolds of the quintic. In general, D-branes should 
also be included in the setup for tadpole cancellation. Thus, there are other fields than 
in Table 3, associated with open string modes. Some of them correspond to the location 
of the D-branes and others are Yang- Mills gauge fields and charged matter fields on the 
branes or brane intersections. 
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Table 3: Light Fields from Closed Strings 





chiral multiplets 


vector multiplets 


IIA0(6) 


h]l^ + /i^.i + 1 




IIBO(9,5) 


hf + h}'^ + 1 




IIBO(7,3) 


h^l^ + h^'^ + 1 





Table 4: The number for the six orientifolds of the quintic 





chiral multiplets 


vector multiplets 


TT A ^ 1 12 12,34 

IIAO by ta,Ta,Ta 


103 





IIBO by tb 


103 





IIBO by Tb 


65 


38 


IIBO by Tb 


55 


48 



8.3.3 Spacetime superpotential 

An important part of the low energy effective theory is the superpotential. It is a holo- 
morphic function of the fields from the above 'light' chiral multiplets as well as other 
chiral multiplet fields such as those associated with D-branes. We must first compute the 
superpotential, find the minima of the potential, and expand around a chosen vacuum. 
Only after that one can discuss the actual mass spectrum. 

Certain origins of the superpotential terms are known (see e.g. [77]). For Type IIA 
orientifolds, superpotential can be generated by holomorphic disks ending on A-branes 
[85-88] as well as "holomorphic MP^'s" — holomorphic maps of CP^ to X which are 
equivariant with respect to the anti-podal map of CP^ and the involution t of X. For 
Type IIB orientifolds, we have the so called flux superpotential W = J^fl A G where 
G is a linear combination of RR and NSNS 3-form field strengths with dilaton-axion as 
the coefficients [89]. (The fiux superpotential is computed or apphed in the context of 
(mostly toroidal) orientifolds in [90, 91]. The geometry underlying Af — 1 superpotential 
is discussed in [92].) For D5-branes wrapped on 2-cycles, the superpotential for the 3-form 
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flux generated by D5 is equivalent [77, 87] to the holomorphic Chern- Simons action for the 
open topological B-modcl [93,94], which in turn is equivalent [85] to the superpotential 
associated with the obstruction to the deformation of holomorphic curves [20,42]. 

One may wonder whether the deformation theory of the orientifold itself is obstructed 
as well. Namely, whether the deformation of a Calabi-Yau with holomorphic involution 
is obstructed. We claim that it is not. This can be shown as follows.^ Let us fix the un- 
derlying differentiable manifold M. A 'Calabi-Yau with holomorphic involution' is just 
a pair (J, r) where J is a complex structure of M whose canonical bundle is holomorphi- 
cally trivial and r is an involutive diffeomorphism of M that commutes with J. We are 
interested in the deformation space of the pair {J,t), especially whether it is smooth or 
not. (We identify pairs that are related by diffeomorphisms.) First, we note that there is 
no deformation of r itself — any involution close to r is diffeomorphic to r itself. Thus 
one can fix r and consider deformations only of J commuting with r. Let us for now 
forget about r and consider the full space of deformations of the Calabi-Yau. This defor- 
mation theory is not obstructed. Namely, the Teichmiiller space (the space of Calabi-Yau 
J divided by the group of diffeomorphisms homotopic to the identity) is smooth. On the 
Teichmiiller space there is a Z2 action generated by [J] 1— [r^Jr""^]. The r-invariant J's 
we arc interested in arc nothing but the fixed points of this action. Since the fixed-point 
locus of a Z2 action on a smooth manifold is always smooth, our deformation space is 
smooth. This proves that the deformation theory is not obstructed. 

This does not mean, however, that there is no superpotential of purely orientifold 
origin. For example if there are two 05-planes C_|_ and C_ of opposite RR charges, we do 
have a flux superpotential which is Jy ^ where F is a three dimensional submanifold of 
M bounded by C+ — C_, as occured in the example studied in [77]. 
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Appendix 



A Index Tr(— 1)^P in Non-linear Sigma Models 

Let {X, g) be a Riemannian manifold of real dimension n. We consider the supersym- 
metric non-linear sigma model in 1 + 1 dimensions whose classical action on Minkowski 
space reads 

Supersymmetry is generated by = ie^ipL + ie^ip!^_, 5ip^ — —e^{do ± Let 
T : X — > X be an isometric involution. The classical action is invariant under the parity 
symmetry rO, 

cp\x) -> r^(0(5?)), 

where x = {x^, —x^) for x = {x^,x^), and we assume that it is anomaly-free. We shall 
compute the twisted supersymmetric index Tr(— l)^rn for both closed and open strings. 

The basic strategy is to represent the index as the partition function on a flat surface 
and localize the path-integral on the fixed point of the supersymmetry. For example, 
the ordinary Witten index Tr(— 1)'^ on the RR sector is path-integral on the 2-torus 
with periodic boundary condition in both directions. The boundary condition is fully 
supersymmetric and the fixed points are the constant maps. In a constant background, 
the action consists only of the four-fermi terms. The 1-loop integral on non-constant 
modes is 1 as a consequence of boson-fermion cancellation, and we are left with the zero 
mode integral, with the exp (four-fermi terms) as the weight. This leads to integration 
over X of the Pfaffian of the Riemannian curvature. The latter is the Euler class of the 
tangent bundle T{X) of X, and hence 

Tr (-If = / e{T{X))^xiX). (A.l) 

This method was introduced in [52,53]. 

Now we compute the twisted index Tr(— 1)^tQ on the RR-sector (closed string). 
It is represented as the path- integral on the Klein bottle {xi,X2) = {xi + Li,X2) = 
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{—xi,X2 + L2) with the periodic boundary condition along xi, but with the twisted bound- 
ary condition along X2: 



(p\xi,X2) = t\(}){-Xi,X2 + L2)), 
1pl^{xi,X2) = rlj^^{-Xi, X2 + L2). 



(A.2) 
(A.3) 



This periodicity preserves the diagonal part of the (1, 1) supersymmetry and one can 
still use the localization method. The fixed points of the supersymmetry are constant 
maps into the set X'^ of r-fixed points. We first note that the integral of modes that 
are not constant along xi yields 1 due to boson-fermion cancellation. Thus, we can focus 
on modes that depend only on X2- This computation has been done beautifully in [51]. 
Here is the outline. We first separate the coordinates into tangent directions (f)^ to X'^ 
and normal directions 0*. Let rii be the real dimension of X"^, so that /i = 1, ...,ni and 
i — 1, ....n — ni. By (A.2), (f)^ is periodic and 0' is antiperiodic along X2. By (A.3), the 
periodicity of the fermions are 



periodic 
anti-periodic 
anti-periodic 
periodic 



We also note that Rijkl'<PI^'^-'^^'4>- is proportional to RijKL{'4'+'^'4>-y {i'+ + '4'-y {4^+ ~ 
V'-)^(V'+ - "0-)^- It follows that the zero mode action is the curvature of the normal 
bundle to X'^. The one- loop integral of the non-zero modes yields 



det7(.^ + .i..a) = (2.,)-^n-^ 



sinh(AT/3/2) 



Vip{id) = 1 

FiA{id + Rt) = Y[2 cosh(AT/9/2) 



A^^ 



det70- + .fl.a)=n 4oosh(U/2) 

Aiv 

PfA(^a) = J]2 

sinh(Aiv/9/2) 



Fip{id + RN) = Y[ 



Aiv/3/2 



Here d is the derivative with respect to X2. Rt is the curvature of the tangent bundle 
of X'^ and {iXx, —i^t) are its eigenvalues, and similarly for the curvature of the normal 
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bundle Rn- (Here we assume that both n and ni are even, for simphcity.) P is the 
circumference L2 in the X2 direction, on which the final expression should not depend. In 
this notation, the zero mode action contributes by a factor 

Xn 

Collecting all together, the zero mode integral is 

f ^„^^_2i-n- -|-|- tanh(Ajv/j/2) 

This indeed does not depend on /3 because rii — dimX"^ and At, Xn are 2- forms. Setting 
P — I/tt, we find the following index formula 

L{V) is the Hirzebruch L-genus defined by Hav^I'^^/^'^)/ tanh(Ay/27r). 

We next consider the twisted index for an open string. The string has one end on 
a D-brane wrapped on 1^ C X and supporting a complex vector bundle E, and the 
other end on the image brane {tW,tE). The boundary condition preserves the same 
supersymmetry as rJl preserves, and one can consider twisted Witten index Tr{—1)^TD,. 
This is represented as the path-integral on the Mobius strip (xi, X2) = {Li — xi,X2 + L2), 
< < Li, with the boundary condition at one end 

(920-^(0, ^2), {^pl+^pL){0,X2) : tangent to W, (A.5) 
di(j)\0,X2), {iljl-ijL){0,X2) : normal to W, (A.6) 

and similar condition at the other end (Li, 2:2). The couphng to the gauge field A for the 
bundle E is through the Chan-Paton factor 

tr^Pexp |-i ^ ( -Um920^ - i*FMiv(V'+ + + ^-f)dx2^ , (A.7) 

(similarly at Xi = Li) but not through the change in the boundary condition. In the 
above formula, M, N are coordinate indices on the brane W. Also, we have E with the 
dual gauge field — */l because the left boundary of the string worldsheet is oriented toward 
negative time direction. Periodicity along X2 is the same as (A.2)-(A.3) except that —xi 
is replaced by Li — Xi. Because of supersymmetry, path-integral localizes on the fixed 
points, which are constant maps to the intersection of the brane and the orientifold plane, 
W n X'^. By the deformation invariance of the index, we deform W continuously so that 
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W and X'^ intersects normally. This means that r sends W to itself in a neighborhood of 
X'^. One can then choose the coordinates ( X ^ ^ X ^ X ) where {x^,x^^) are coordinates 
on W and the involution acts as 

T : (x^ x^, x", x') ^ x^, x", -x') 

so that {x^, x°') are coordinates on X'^. We name the dimensions of the respective direc- 
tions as 

a = l,...,ni; // = l,...,n2; Q;=l,...,n3; i = l,...,n4. 



For simplicity we assume that all four dimensions are even. Since tW is the same as W in 
a neighborhood of X'^, the boundary conditions are the same on the two end points of the 
string. In the intersection W fl X'^, tE can be topologically identified with the complex 
conjugate of E. Thus, the Chan-Paton factor at x^ — Li is the same as (A. 7). We can 
thus ignore the Xi dependence of the fields — the integral of Xi-dependent modes will 
give 1 by boson-fermion cancellation. The boundary condition (A.5)-(A.6) then forces 
the constraints -0^ = V- =: ^+ = "0- i^^, 0° = 0, '4'+ = =: 0' = 0, 

-0+ = —■0- —'■ ■0*- By (A. 2) and (A. 3), the remaining fields obey the following periodicity 





anti-periodic 


r 


anti-periodic 




periodic 




periodic 




anti-periodic 




periodic 



The one-loop integral of the non-zero modes yields 
0": det~J{d^ + iRid) = Y[ 
Pf^(i9) = J]2 



Ai 



4cosh(Ai/3/2) 



V'" : 

r-. 

x/j" : 
V'" : 



detp^id'^ + iR2d) = (27r/3)-^ JJ 



X2P/2 



A2 



sinh(A2/9/2) 



Pfp(ia) = 1 

PiA{id + Rs)^l[2 cosh(A3/3/2) 



A3 

pfp(i9+i?4)=n 

A4 



sinh(A4/9/2) 
A4/?/2 
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The zero mode bulk action yields the factor 

M 

and the boundary action provides 

where the exponent has the factor 2j3 rather than j3 because the circumference of the 
closed boundary circle is twice as large as [3 = L2. Collecting all together, we find the 
following expression for the zero mode integral 

/ tr^e^^*^ X 

y cosh( Y) y sinh(M) 11 ^2^11 ^ 11^^ 

This is indeed independent of the value of (3 on dimensional ground, 712 = diml^ fl X'^ . 
At this stage, we use the elementary relations 



^ ^' X I \2J y X tanh(|) 



2 y - 2 

to re-express the integral as 



X 



sinh(|) /sinh(a;) tanh(|) hT^^ smh.{xj ^ 



^ "^^ W' "' ^ sinh(A,/3) Y ysinh(A2/3)tanh(M)^ 



X 



yr sinh(A3/3) Y ^ sinh(A4/3) tanh(M) 

As/? tanh(M)ll M IP^^ 



A4 

Setting /3 = l/47r we find that the index is expressed as 
Tr (-l)^rn 

'H-{w,E),(tW,tE) 



^ '\i A{N{W))\i L{\N{Xr)) ^ ^ > ^ >> 

(A.8) 

Here A(y) is the A-roof genus Y\\y{^v / ^t^) / ^^"^^{^v I ^t^) and is the modified 

L-genus Y\\vi^y / '^'^) I tanh(Ay/87r). We note here that the power of 2 in the formula is 

ni n2 rn rii + 712 + rig + n4 1 . . 

— 2" + Y + ^ 2=^-2 + ^^ 2 ^ 2 ^ 
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It way happen that r has fixed-point submanifolds of various dimensions. It is clear 
form the above derivation that, in such a case, the index is the sum over components of 
intersection where the summand is the above in each component of intersection. 

One may consider the apphcation of the result to superstring theory. In particular, 
one can read off from the index the WZ coupling of the D-branes and 0-planes to the 
bulk RR fields [95-102] . The index in a special case has been computed in such a context 
[103]. 

The case W 

In the case W ~ X, the formula (A. 8) with a modification A{X) — > td{X) simplifies 
considerably. It is straightforward to see that 

In the integrand, only the term of the same degree as dim X'^ contribute. This allows us 
to replace it by 

/ ch(2i;)n-^nT-^- 

which is nothing but 

/ ch(2E)td(xn ^ j_ ^ . 

Jxr ^ ' ^ 'dl{ANxr) 

B Computation of the weights in the coset construc- 
tion 

In this appendix, we compute the weights of all fields of the minimal model SU{2)k x 
U{\)2/U{\)k+2 exactly, in particular not only modulo integers. From this we can then 
infer exact expressions for \/T. 

As is standard in the coset construction, one starts by embedding the denominator 
theory [7(1)^+2 into the numerator SU{2)k xU{l)2. This is achieved by the identification 

J"iz)^j\z)-J^''\z), (B.l) 

which is the same as in (4.10). As before, J^{z) is the current associated with the Cartan- 
subalgebra of su(2) and and J*^^^ = are the level k + 2 and 2 U{1) currents. Note 
however that here we are talking about the model after GSO projection. 
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The Hilbert space of the numerator theory can then be decomposed in the following 
way 

nj®ns= n(j,n,s)^n-n, (b.2) 

nSZ2fe+4,2j+n+s even 

where Tij, Tis, 'Hj^n,s and 7i_„ denote representation spaces of the SU{2)k, U{1)2, the 
GSO projected minimal model and U{l)k+2 respectively. Compared to the discussion of 
the unprojected theory, V^'^ = Tij, but the Hilbert spaces for the two t/(l)'s are different. 

To determine the weights of the primary fields of the coset theory, one has to under- 
stand in detail how the ground states \j, n,s) \ —n) of 'Hj,n,s ® 'H-n are realized within 
the representation space Tij ® Tig- 
To find these ground states we fix j, s and choose n such that 2j-|-n-|-s is even. Within 
the subspace 

nfj - {Hj^Hs)^''^ {ipeHj^Hsl e^-^" i/j = e^ij} (B.3) 

we then search for eigenstates i/j^^^ of Lq*^^^^* + L^*-^-*^ with minimal eigenvalue. 

Some of these states are easily identified. These are the states which are realized in 
terms of ground states of the numerator theory, 

i/jf^J = li, n, s) (8) I - n) = |j> = -n + s)®|s) (B.4) 

where n is restricted by |n — s| < 2j. In this way we have realized all fields from the 
so-called standard range ol H — 2 minimal models, 

2j < k , \n — s\ < 2j, 2j + n + s even (B.5) 

n e {-A;- l,...,/c + 2}, sG {-1,0, 1,2} (B.6) 

For these fields, the following formula for their conformal weights holds exactly (not just 
up to an integer), 

j{j + 1) _ n"^ ^ 
k + 2 4(/c + 2) 8 

But the 2j + 1 states we have found do not exhaust the ground states of the denominator 

theory. Additional states can be constructed with the help of 



(J+)^li|j,2j) , {J-r_,\j,-2j) en, for /i=l,2,... , 

where J'^{z) and J~{z) are the raising and lowering operators of the su{2) algebra. These 
states carry the charge = 2j -|- 2// or i/ = — 2j — 2//, respectively. When combined with 
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appropriate states from Tis (not necessarily the ground state) they furnish all the ground 
states for the denominator theory of the coset. 

There is a second class of fields whose weight is easy to write down, namely those 
which can be reflected to the standard range by field identification. More precisely, these 
are primaries labelled (j, n, s), for which {k/2—j, n+{k + 2), s+2) is in the standard range. 
The notation + denotes the addition modulo 2/c + 4 for the label n and modulo 4 for the 
label s, in such a way that the result of the addition is in the range — A; — 1, . . . , A;+2 for the 
labels n and —1, 0, 1, 2 for s. The hatted sum can be rewritten as n+{k+2) — n— |^(A;+2), 
where we made use of the choice that n itself is in the range —k — 1, . . . , k + 2. We can 
now apply the standard range formula for the weights to the refiected field, with the result 
that 



TTF-4(A?T2)4+ '"'"'2'"'' (|-..n+(* + 2),.+2).S.«. 

(B.8) 

There is a list of primaries which cannot be reflected to the standard range, namely 
(j, -2j, 2), (j, 2j + 2, 0), (j, 2j + 1, -1) and (j, -2j - 1, 1). The primaries (j, -2j, 2) with 
j > 1 have a coset realization with minimal weight as \j, 2j — 2) ® |— 2) G Tij Ti-s- Note 
that the [/(l)2-label is not in the standard domain for s. We can then use the expression 
(B.7) for the weight and obtain 

In the special case j = corresponding to the primary (0, 0, 2) one picks the realization 
Jli |0, 0) |2), resulting in the weight 

Vo,2) = I (B.IO) 

Note that the primaries with higher j's could have similarly been represented as J^^ \j, 2j)® 
1 2), but these states do not have minimal weight and hence are not ground states. 

The primaries (j, 2j + 2, 0), j ^ k/2, have a coset representation as JZi |j, —2j) ® |0), 
which is of minimal weight. This results in a weight given by (B.7) shifted by one, or 
explicitly 



%2,+2,o) = -7h^ + 1 (B.ll) 



J + 1 

(A; + 2) 

For the special case j — k/2we consider the state |A;/2,— A; + 2)(8)|4), leading to the result 
that the standard range result has to be shifted by 2, or 

3 

^(|,fe+2,o) = 2 (^-^2) 
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The set of states {j, —2j, 2) is mapped to {j, 2j + 2, 0) under field identification and our 
computation of the weights is compatible with that. For later use, we emphasize that 
the standard range formula (B.7) still holds for (j, — 2j, 2), whereas the reflected formula 
(B.8) applies to the field identified primaries (j, 2j + 2, 0). Therefore, these primaries can 
for our purposes be effectively included in the discussion of the standard range fields and 
no further case distinction is required. 

In the Ramond sector, we realize the exceptional cases (j, 2j + 1, —1) as JZi |j, —2j) (8) 
|— 1) leading to a shift of the standard range weight by 1 

hu,2j+i,-i) = ^ + 1- (B-13) 
Similarly, we have \j, —2j — 1,1) — J^^ |j, 2j) |1) and a weight of 

hu,-2j-i,i) = ^ + 1- (B-14) 

In the same way as in the NS sector, (j, 2j + 1,-1) get mapped to (j, —2j — 1, 1) under 
field identification and our computation of the weights is compatible with that. However, 
neither (B.7) nor (B.8) holds in the R-sector, so that we need to consider the fields that 
cannot be refiected to the standard range separately. 

In terms of the T matrices, we can conclude from the above discussion that 

(B.15) 

where 



Cj,n,s 



1 

'T' 2 

U,n,s) 


1 11 
rp2 'T' 2 'T'2 


1 


(j, n, s) e S.R. 


1 


(j,-2j,2), l>2 


1 


(|,A: + 2,0) 


(-l)""-'2'- 


(|-j,n+(A; + 2),s+2) e S.R. 


(-l)"-'2'- 


(j,2j + 2,0), jV| 


-1 


(j,±(2j + l),Tl) 


-1 


(0,0,2) 



One can derive the following general relation between the a 

[ yj, I _ I s j _ 2 J 

0-|_j-„+(fc+2),s+2 = (-1) ^ '^j,n,s (B.16) 

This holds independent of whether {j, n, s) is or can be brought to the standard range. It 
is however important that the label n is chosen in the range —k — 1, . . . , k + 2 and s in 

I 71 1 — I s I — 2 J 

— 1, 0, 1, 2. Note also that the sign factor (— 1) 2 is invariant under field identification 
j ^ I - j, n ^ n+{k + 2),s ^ s+2. 
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C P-matrix for the minimal model 



In this appendix, we write down an explicit expressions of the P-matrix of the M = 2 
minimal model. We start with the expressions for the P-matrix and Y-tensor of the 
constituent theories. 



SU{2)k 

The P-matrix of the level k SU{2) WZW model is 



Vk + 2 

Some part of Y-tensor is given by 



sm 



7r(2j + l)(2/ + l) 
2(A; + 2) 



^(2) 



In particular, Y^^ — (— l)^'' and Y\ — 1 for any j e P^.. 



The P-matrix and Y-tensor of the level k U{1) is 



_ 1 _TTinn' (2) 



-(2fc) 



n+n'+fe' 



n'+fcr{2fc) 



+k 



where n is the unique member of n -|- 2A;Z in the standard range {—k + 1, k — 1, k}. 
In the following, we will omit the but it is understood that all labels are chosen in this 
way. 

Minimal model 

We first note that the Q-matrix of the minimal model can be expressed in terms of the 
Q-matrices of the constituent theories in the following way 



Qij,n,s)(j',n',s') — Qjj'Qnn'Qss' + Q j{^-j')Qn{n'+{k+2))Q s{s'+2) 



(C.l) 
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The P-matrix is then obtained as 



— ^j,n,sC''j'n's'Pjj'Pnn'^ss' 



( * / \n'\-\J\-l3' ^ 

= (7j,n,s(yj'n's' [Pjj'Pnn'Pss' + (-1) ^ Pj,k-j'Pn,n'+{k+2)Ps,s'+2 

In the last step, we have used (B.16). One can further evaluate this formula as 



win{n +{k + 1)) 
2(fe + 2) 



i „/9'v 7rira(ra +(fc + 2)) J_ Trzrara' irin , 

P ^ = /)^^^ ,e — 2(fe+2i — ^ f^ i , e"fc+2" e~f-lV 



Note that these expressions are only valid if n,n',s,s' are chosen in the range —k 
1,..., A; + 2 and -1,0,1,2. 

The explicit expression for the P-matrix is 



\/2 (2) irinn' Trisa , . 

o-i.n.sO-i'n's'-r—^dl', e2(*+2) e 4 gm 



U,n,s){j'n's') — 'Jj,n,s<Jj'n's'j^_^^Og_^g 



(2i+l)(2i'+l) 
" 2(fc+2) 



^^(2) ^(2) 
"2jr-|-2j'+fc "n+n'+fc 



2j'+„'+s' 7H(n+£) . (2j + l)(fc-2j'+l) 

^ 2(ifc+2) 



+ (— 1) 2 e 2 sin 



^(2) ^(2) 



In the calculations involving B-type parities, it is often convenient to use the following 
form of the P-matrix, where one inserts the U{1) data explicitly, and then uses general 
formulas for the SU (2) part: 

1 irinn' _tHssI_ (2) 

P{j,n,s){3'n's') = (7^- „,,(7jV„,,, -^==== e 2('=+2) e 4 5^^^^, 

D Formulae for the crosscap states 

D.l A- type 

We compute the exphcit coefficients of the A-type crosscap states 

E 1°''""^^"""^ I'^,(J>,.))) (D.l) 
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using the expressions for the P-matrix given in the previous section: 



sm 



TT 



2i+l 



2(A;+2) 



2j+Tt+a I n+3 

2 2 COS 



TT 



2i+l 



2(fe+2) 



^(2)^(2) 



1^, (J>,S))> 

(D.2) 



Mohius strip 

The Mobius strips are expressed using the F-tensor, 

{^3,n,s\^t\'^n,s) = ^ ^(i,-n',-5(0,n,5)Xj' -n' -s' ('^) 

(j',n',s')6Mfe 



I I t i\ V ■'■j n's' 

(j',n ,s'j: even Y 



/ •/ / /N V -'-j'n's' 

(j',n even Y 



rr , , , -n,n-^-s,sA/ -n' 

,s'j:even 



(Till I " I ° \ „ w-w ' - "~" I /- I p 

(j ,n ,s ): even 



5-2s' 



(4) 
s-2s 



Simphfying the delta functions for the s-indices by 

5-s' ^ ' s-s' I n ^ ' * 

S,— J— *'~2 I" 

we obtain the formula 

(j',n',s'): even \ ' 2 '2 / 

x(-l)^^+^'+^-^A/i;^X,',-n',-.'(r). (D.3) 
Taking the complex conjugation, we also find 

(j',n',s'):even \ ^ i / 



\s-1s 
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xi-ir'^''-''-^m-^Xf,<s'{r). (D.4) 



^ j'n's' 

One may further simplify the 5-function for n-indices. This leads to the following expres- 
sion 

where ^ _ 



Cj'n's' 



D.2 B-type 

The set of simple currents (0, n, s) splits up into two orbits under the orbifold group 
X Z2. The first orbit is the one of (0,0,0), which contains only currents (0, n, s) 
with n,s even, the other orbit is the one of (0, 1, 1), which contains only currents with 
n, s odd. Accordingly, there are two types of crosscap states. We first construct A-type 
crosscaps in the orbifold and then apply the mirror map. The crosscaps of the orbifold 
corresponding to the even orbit are 

'^por. ) = ^^7=^ E^n ^ ^s'^ e-^-("'^) , (D.5) 
^(0,0.0)/ ^2{k + 2) ^ 

where 9rg{n, s) = —rn/ {k+2)+qs/2, as explained in the main text. The resulting crosscap 
states on the orbifold are 



) = 2E^2? (-ly (-1)^^^ ^== ''^^-^r,-2, Kj, -2r, -2q)) (D.6) 



(0,0,0)/ ' /cinTT^i+l 

^ V ^ 

Applying the mirror map, one obtains the B-type states 



The crosscaps of the orbifold corresponding to the odd currents are 

\ = — ^= y (5f (5f e-'^'(^'-«("'*)-^(o-M)(o.",-^^ (D.8) 

^(o.M)/ V2(^ + 2) t;:' 

We first compute 

e-iQ{0,i,i)(0,n,.) _ g-i(2p?^-f) g-i^ (_l)(fc+l) "+UV (Jo,n+l,s+l 
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In the calculation, one has to replace various hatted sums by ordinary sums. One uses 

e-w^5f) ^ ,^^w^_if^^)^^s^^) (D.9) 



l+k+n+n' ^ \ -^J "1+fc+n+n' 



Inserting this, one obtains the following crosscap states for the orbifold theory 



cos7r||±l^|^,i, -2r - 1, -2g - 1)) (D.IO) 
An application of the mirror map leads to the following odd B-type crosscap states 

cos7r^|±ly|^, J, 2r + 1, 2g + 1))^ (D.ll) 
One can now choose ci;(o,i,i) in such a way that the crosscap becomes real 

At this point, it is convenient to relabel the states: We keep the label (r, q) e x ^2 
and introduce a new orbit-label p € 0, 1. p = refers to the orbit of (0, 0, 0) and p = 1 to 
the orbit of (0, 1,1). We can then give a closed formula for the crosscap states 

Pfe . , 

K,p) = (2(A; + 2))i^(j,-_2.-p,-2,-p -^{-l)'^^'\^,j,2r + p,2q + p))B (D.12) 



3 V ^oj 

Here, -S" and P are the modular matrices of SU{2). 

Mobius strip 

We present the computation of the Mobius strip. 

{'^rqp I Qt^ I ^§,s] ) 94r+2p,2p 

. — . S jj'f Pk-// 2r+v—v 

= (-l)^^v/2^J]^^(-l)^+V,.,_2.-p,-2,-pX/'>+p,2,+p(r). (D.13) 

3 ■' 
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A modular transformation using the P-matrix as given in (C.4) yields 

= (-1)" E *i'ip(4(-i)'^*'e.«+(-i)"^*'4-,ep) 

(j'n's')eM^ 

■ni{2r-\-p)n 7ri(2q+p)s' 

(j'n's')GMfc 

7r-i(2r+p)n' 7ri(2q'+p)s' 

= (-1)" E «.(-l)"^*'JV?>=S39='-"^-.^n^.x.»..(r) 

(j'n's'): even 

(D.14) 

Here we have used some relations between SU{2) the y-matrix and the fusion rules: 
Y/-, = N\ = Nf, ,Y\ = A^,^-. To determine the Mobius strip involving the short 
orbit boundary states note that there is no overlap of the crosscap state with the extra 
RR-part of the boundary state. The formula presented in the main text is obtained from 
the second line of the above equation by inserting Ni ^ = N^^' = 1 for all / = 0, . . . , |. 



E Supercurrent Conditions 

In this appendix, we derive the supercurrent conditions obeyed by the A-type and B- 
type crosscaps of the superparafermion RCFT. The starting point is the conditions on the 
boundary states. The Cardy states \^j,n,s=±i) obey the A-type supercurrent condition 

G_r - =Gr- iG _r = 0, (E.l) 

where r e Z (resp. r e Z + |) when they act on the RR-part (resp. NSNS-part) of the 
boundary state. This shows that the combinations of the Ishibashi states 

\^,j,n,s)) - \^,j,n,s + 2)) 

obey the same condition (E.l) with reZ-|-|ifs = and r e Z if s = —1. Then, the 
following combination of the crosscap Ishibashi states 

y/f^l"^, J, n, s)) - y/Tj,n,s+2\'^: i, n, s + 2)) = e^''^' (|^, j, n, s)) - |^, j, n, s + 2))) 
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obey the condition 0^'^° (C-r - iGr^ = e'^^-^" (Cr - iG-r^ e-""'^" = 0. This is 

nothing but the supercurrent condition on the Ao,o-parity for s = — 1 and A ^ | -parity for 
s = 0. It is also easy to see that the other combination 

V^^~\'rf,j,n,s)) + y^T~^\'^,j,n,s + 2)) 

obey the 747r,o-condition for s = — 1 and the A| _:|-condition for s — 0. 

We now consider the PSS crosscaps 



j' .n' ,s' 



Q.- 

\'^j,n,s) = \/Tj,n,s; ] /'"'.t' , , \/Tji,n',s'\'^^j'^^'^^'))- 
j,n,s y ^0 

Using the "factorized form" (C.l) of Q- matrix and the following property of (5s,s 



it is easy to see that the s' dependence of Q^n^ T Qj,rCs+2 proportional to 1 for s' 
and =pl for s' + 2. This shows that 

—7==\%,n,s) =F , Y^j, 71,3+2} 

V-'-3,n,s y/-'-j,n,s+2 



is spanned by ^jTy^s\^ ^ f, n', s)) ^ , f, n', s + 2)) , which obey the supercur- 

rent conditions of the types given above. This shows the first table in Section 4.5.1. 

Next, let us apply the mirror map to the combinations of the crosscap Ishibashi states 
considered above. This shows that 

y/Tj^nA"^, j, n, s))b T y/Tj,n,s+2\'^, j, n,s + 2))b 

obey for the (— )-sign the supercurrent conditions of the type i?o,o (s odd) and (s 
even), while they obey for the (+)-sign the conditions of the type i?o,7r (s odd) and B^ _^ 
{s even). Note that the B-type crosscaps that appear in (4.68) ((D.7) and (D.ll) or their 
combined form (D.12)) has the following structure 

l^rlp) = Z2 gj>.P l—— V'^j,2r+p,2q+p\'^, J, 2r +p,2q+ p))b, 
j integer y ^2q+p 

where Cj^r.p is a number depending on {j,r,p) only. This motivates us to find the combi- 
nations (4.79) which obey the supercurrent conditions of the types in the second table of 
Section 4.5.1. 
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F Normalization of RR Ground States 



In this appendix, we review the Landau-Ginzburg computation of the overlaps of RR 
ground states and A-branes in A/" = 2 minimal model [22, 23]. This explains the choice of 
the normalization constant (6.19) for the ground state wavefunctions. 

For the ground state wave functions, we use those of the form 

= C|e-^Vd0+(g+ + g-)(---), l = 0,l,...,k, (F.l) 
for some constant ci. Their inner-products are computed as 



2 



'1 11 
2 ' 2 



I 



cic7 I e-^('^'^'+<^'^'V'/d0 A *d0 

2 2" 



where we have used the polar coordinates = re*^. Wc sec that they are orthogonal, 
— — ii I ^ I'. Expanding the exponential and performing the 9 integral, we find 

2 '"2 

-ly 



/•OO ^ 



2 ' 2 



2 



OO 







— \Cl 

2 ' 



,2 2 



A; + 2 



r 



i + i 

k + 2 



sm 



7r(/ + l) 
k + 2 



where Jo{x) = ^m=o(~-'-)'"('''/2)^"V(^0^ the Bessel function, and we have used the 
integral formula x'^~^ Jo{ax)dx = 2''~^[r(/x/2)]^sin(7r/i/2)/(7ra'^). Thus, they form an 
orthonormal basis if ci are chosen as 



2 



c, = e-^' (F.2) 

r(|g)^2sm(ti!ii) 



where e*'''' is some phase. 



Now, let us perform the overlap integrals. We consider the brane Ajns=i — ^o+,a_ 
where a± — "^^"^^2^^^ ■ It is a broken line coming from the infinity in the direction 

7vi{n—2j — l) 

Zi — e , cornering at = 0, and then going out to infinity in the direction 
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7ri(n+2j + l) 

Zj — e . The overlap is 



and 



n 



n: 



+(X)— j-O 



1 7ri(n-l/2)(i + l) 

c i e ^=+2 2i sin 

2^+2 



7r(2i + l)(Z + l) 
A; + 2 



i±l 

fc + 2 



= Ci 



z c 



4+ 



jnl 
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1 -7ri(n+l/2)(i + l) 

zci:; — -^e '=+2 (— 2i)sin 



2 A; + 2 



7r(2j + l)(/ + l) 
k + 2 



A; + 2 



-7ri(i + l) 



Using the normahzation formula (F.2) with the phase choice e*'''' = — ie 2(/c+2) ^ -y^^g 
that the above reproduce the known formula for the overlaps: 



2 



\^j,n-l,(0)\i)nn' n. 



.(|l^,n,(l))Ha- 



(F.3) 
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